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Preface
The topic of this thesis deals with the spiral structure in disk galaxies with a specific aim
of probing the influence of the dark matter halo and the interstellar gas on the origin and
longevity of the spiral arms in late-type galaxies through theoretical modeling and numerical
calculations. The basic theoretical model of the galactic disk used involves gravitationally-
coupled two-component system (stars and gas) embedded in a rigid and non-responsive dark
matter halo, i.e., the static potential of the dark matter is used in the calculations. However,
at places, depending on the nature of the problem addressed, the disk is treated as consist-
ing of only stellar component or only gas component followed by proper justifications for the
assumptions. The disk is rotationally-supported in the plane andpressure-supported perpen-
dicular to the plane of the disk. The first part of the thesis involves searching for the dynam-
ical effect of dark matter halo on small-scale spiral structure in dwarf low surface brightness
(LSB) galaxies and also some dwarf irregular galaxieswhich host an extendedHI disk. In both
cases, the rotation curves are found to be dominated by the contribution of the dark matter
halo over a large radial distance, starting from the inner regions of the galaxies. The next part
of the thesis deals with the investigation of the possible effect of the interstellar gas on the
persistence issue and the pattern speeds of the spiral structure in the disk galaxies. The last
part of the thesis involves in studying the dynamical effect of dark matter halo on large-scale
spiral structure. Following is the layout of the thesis.
Chapter 1 gives a general introduction to the topic of spiral structure of late-type disk
galaxies, followed by a broad overview of the theoretical development of the topic and the
present status of the topic. Then the thesis starts with studying the small-scale spiral features
and evolves to studying the large-scale spiral features seen in disk galaxies in the following
xi
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way: Chapters 2 & 3 deal with the effect of dark matter halo on small-scale spiral structure.
Chapters 4 & 5 focus on the dynamical effect of the interstellar gas on the spiral structure
using the local dispersion relation. Chapters 6 & 7 discuss the possible effect of dark matter
halo on large-scale spiral structure in disk galaxies. Chapter 8 contains the summary of results
and future plans.
Effect of darkmatter halo on small-scale spiral structure
The spiral arms in the disks of galaxies are often broken into several smaller parts or patches
that create a messy visual impression when viewed from a ‘face-on’ configuration. They are
generally termed as ‘small-scale’ or flocculent spiral arms. Several studies showed that the
small-scale spiral arms are basically material arm, i.e., they can be thought of as ‘tubes’ filled
with stars and gas. Spiral arms are known to participate in the secular evolution of the disk
galaxies. Since disk galaxies are believed to reside within a halo of dark matter, therefore a
detailed understanding of possible effects of dark matter halo on the spiral arms is necessary.
In Chapter 2, we investigate the effect of dark matter halo on small-scale spiral features
in the disks of LSB galaxies. Modeling the mass distribution within a galaxy from the rota-
tion curve of a typical small LSB galaxy reveals the generic fact that for most of the radii, dark
matter halo dominates over the stellar disk. This trend is found to be true from the very inner
regions of an LSB disk which in turn makes the LSBs a suitable laboratory for probing the ef-
fect of darkmatter halo on the dynamics of disk galaxies. Following a semi-analytic approach,
and using the observationally measured input parameters for a typical superthin LSB galaxy,
UGC 7321, we showed that the dominant dark matter halo suppresses the small-scale spiral
structure in the disk of UGC 7321. Since UGC 7321 possesses features typical of a LSB galaxy,
we argued that this finding will also hold true for other typical LSBs. The result is at par with
the observational evidences for the lack of prominent, strong small-scale spiral structure in
LSB galaxies.
In Chapter 3, we employed the similar techniques for probing the effect of dark mat-
ter halo on small-scale spiral structure, except this time we took five dwarf irregular galaxies
with an extended HI disk as the sample for our investigation. Themain important difference
between these dwarf irregular galaxies with the earlier LSB galaxies is that for these dwarf
irregular galaxies with extended HI disk, the largest baryonic contribution comes from the
interstellar gas (mainly HI ), and not from the stars (as seen in LSBs). The extended HI disks
of these galaxies allow one measure the rotation curve, and hence modeling the dark matter
xiii
halo parameters for a large radial range from the galactic center. Here also the rotation curves
are found to be dominated by dark matter halo over most of the disk, thus providing yet an-
other ‘laboratory’ for testing the dynamical effect of dark matter halo on the dynamics of the
disks. Using the observed input parameters for five such dwarf irregular galaxies, we showed
that the dense and compact dark matter halo is responsible for preventing strong small-scale
spiral structure in these galaxies, which is in fair agreement with the observations.
Dynamical effect of interstellar gas on longevity of spiral arms
Any late-type disk galaxy contains a finite amount of interstellar gas along with the stellar
component. The atomic hydrogen (HI ) constitutes the bulk of the interstellar gas along with
themolecular hydrogen (H2), ionized hydrogen (HI I ), and a trace amount of heavy elements
like helium. The mass fraction present in the interstellar gas in disk galaxies is found to vary
with the Hubble sequence, with the amount of interstellar gas increasing from Sa type to Scd
type of galaxies. Due to the lower value of velocity dispersion as compared to that of stars, gas
is known to have a larger destabilizing effect in the disk. Therefore, the natural question arises
about what possible role the interstellar gas could play in the origin and the persistence issue
of spiral arms.
In Chapter 4, we explored how the interstellar gas could influence the longevity of the
spiral arms in late-type disk galaxies by treating the spiral structure as density waves in the
disk. The disk ismodeled as a gravitationally coupled stars plus gas (two-component) system,
where the stars are modeled as a collisionless system and the gas treated as a fluid system.
Using the appropriate local dispersion relation for the above mentioned model for the disk
of galaxy, we calculated the group velocity of a wavepacket of density wave and then studied
the variation of the group velocity with increasing amount of interstellar gas in the system.
We showed that the group velocity of a wavepacket in a Milky Way-like disk galaxy decreases
steadily with the inclusion of gas, implying that the spiral pattern will survive for a longer
time-scale in a more gas-rich galaxy by a factor of few.
In Chapter 5, we investigated the role of interstellar gas in obtaining a stable density
wave corresponding to the observed pattern speed for the spiral arms. The underlying local
dispersion relation remains same as that is in Chapter 4. Using the observationally measured
pattern speed and the rotation curves for three late-type disk galaxies we showed that the
presence of interstellar gas in necessary in order to maintain a stable density wave corre-
sponding to the observed values for pattern speeds. Also we proposed amethod to determine
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a range of pattern speed values at any particular radius, corresponding to which the density
wave can be stable. We applied this method to the same three late-type galaxies which we
used in the earlier part of this chapter. We found that, for these three galaxies, the observed
pattern speed values indeed fall in the predicted range.
Imprint of darkmatter halo on large-scale spiral structure
Alongwith the small-scale spiral arms, there also exists another type of spiral arms – the large-
scale spiral structure, like what we see M 51 or in NGC 2997, which occupy almost the entire
outer optical disk in the galaxy. These spiral arms are termed as ‘grand-design’ spiral structure.
One of the competing theories, namely, Density wave theory proposes that the large-scale
structure is basically a density wave in the disk and the pattern exhibits a rigid-body rotation
with a definite constant pattern speed. In the earlier part this thesis (Chapters 2 & 3), it was
shown that the small-scale spiral structure gets damped by the dominant dark matter halo.
Therefore, a natural question arises whether dominant dark matter plays any role on these
large-scale spiral structure; and if yes, to what extent it affects the large-scale spiral structure.
In Chapters 6 & 7, we investigated how the large-scale structure in disk galaxies gets
affected when the disk galaxy hosts a dark matter halo that dominates over most of the disk
regions. We again chose the LSB galaxies as laboratory for this study. In Chapter 6, we mod-
eled the stellar component as a fluid system and inChapter 7, we treated the stellar system as
more realistic collisionless system. In both cases, global spiral modes are identified from the
appropriate dispersion relations via a novel quantization rule, and they are used as a ‘proxy’
for the large-scale spiral structure. Using the input parameters for UGC 7321, in Chapter 6 we
showed that the fluid representation of stellar system failed to make an impression in sup-
pression of the global spiral modes. However, when stellar component is treated as a more
realistic collisionless system, we found that the dark matter halo suppresses the large-scale
spiral features as well in the disks of LSB galaxies, in fair agreement with the observations.
Finally, in Chapter 8, the thesis concludes with a summary of main results and a brief
discussion of the scope for future work.
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11. Introduction
1.1 Spiral Galaxies
This thesis deals with disk galaxies with a particular emphasis on the study of spiral structure
in disk galaxies. As the very name suggests, these galaxies contain a disk morphology where
it exhibits various non-axisymmetric features like bars and spiral arms. In the Hubble tuning
fork diagram, they lie towards the right end following the ‘ellipticals’, and the gas-rich ones are
termed often as ‘late-type’ galaxies.
A typical disk galaxy consists of a supermassive BlackHole (BH) sitting right at the center
of the galaxy and controlling some of the exotic events like launching relativistic jets, a central
mass concentration, termed as ‘bulge’, a diskmorphology, and thewhole system is believed to
be embedded in a large and extended darkmatter (DM) halo. Stars form out of the interstellar
medium (ISM) mainly due to gravitational collapse of massive gas cloud, they evolve in that
environment, and finally they end up being a ‘compact object’ (namelywhite dwarfs, neutron
stars, BH etc.) while returningmost of their material to the ISM.
As far as the dynamics of the disk galaxy is concerned, the disk is supported by the ro-
tation in the plane of the disk, and in the vertical direction the self-gravity is balanced by the
pressure-support of the disk. In general, the stellar component dominates the baryonicmass,
and the mass fraction due to the stars is an order of magnitude higher than that due to the
gas. However, the total ‘dynamical mass’ of a disk galaxy is primarily due to the dark matter
envelope around the disk, which is typically required to the ten times more massive than the
whole baryonic disk (stars and gas taken together) of the galaxy. Besides that, there also exists
magnetic fields and the cosmic rays particles spiraling along themagnetic field lines, but their
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contribution in the secular evolution and dynamics of the galaxy is now been considered as
only ‘secondary’. The main force that prevails over the dynamics of the disk and decides the
‘fate’ of the disk galaxy is the gravitational force.
Study of spiral structure in galaxies has drawn attention for almost over five decades
now, and a great deal of analytical, observational and N-body simulation studies have been
devoted to unveil the mystery of the origin and the survival of the spiral structure in the disk
galaxies. Althoughmuch of insight was gained from these studies, still there are subtle issues
regarding the generation and effect of the spiral structure which are not well-understood till
date, and that requires more study in those areas. Over the past decade, there is an increas-
ing amount of surveys of galaxies that revealed many exciting aspects of disk galaxies. To
give a brief account of that: SDSS (Sloan Digital Sky Survey) has provided the most detailed
three-dimensional map of our universe, APOGEE (APO Galactic Evolution Experiments) can
record very high-resolution, and high signal-to-noise (S/N) infrared spectroscopy to probe
the structure of the bulge and the disk of ourMilky Way, SEGUE (Sloan Extension for Galactic
Understanding and Exploration) can measure the spectra of huge number of stars with vary-
ing spectral types to investigate theMilkyWay structure,MaNGA (MappingNearbyGalaxies at
APO) records the spectral measurements across the face of∼ 10,000 nearby galaxies (previous
SDSS surveys couldmeasure the spectra only at the center of the targeted galaxies) with a goal
to trace the evolutionary track of the present-day galaxies. Along with that, there are some
more surveys like GAIA (data release 2– DR2) lined up in the coming years, with the promise
of dissecting our Milky Way (and some other nearby spiral galaxies) with unprecedented de-
tail and providing a better understanding of the dynamical phenomena of the spiral galaxies
and the spiral structure. These rapidly growing observational studies call for a parallel the-
oretical development in modeling realistic disk galaxies for interpreting these observational
trends in their full glory.
1.1.1 Historical Note
On a dark moon-less night, far away from the light pollution of the civilization, the majestic
bright sweep that covers a part of the night sky mesmerized the human being from the very
ancient time. Several literatures from that ancient time bear the testimony of it. To mention
a few, in Greek mythology, it was described as the milk split when Hera, the wife of Zeus, was
feedingHeracles. The term ‘galaxy’ came from theGreekword formilk. The present-day name
‘Milky Way’ was derived from the Latin word ‘Via Lactea’. According to the Hindumythology,
in ‘Bhagavata Purana’ this was coined as ‘Akasaganga’ which means the ‘The Ganges River of
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the Sky’.
Several meticulous studies carried out by various astronomers, starting from Galileo
(1620) to Edwin P. Hubble (1925), brought out the realization that the ‘bright band of light’
is basically a huge conglomeration of many faint stars which are the part of our Galaxy, with
the solar system situated in it. For a detailed account of this long journey of discovery, see
Binney & Tremaine (1987); Binney &Merrifield (1998). Hubble measured the distance of the
Andromeda galaxy (M 31) by using the Cepheid variable stars and he measured the distance
to be around 300 kpc, a distance too high to be a part of Milky Way. This established the fact
that theMilkyWay is one ofmany galaxies in the local universe. Hubble also classified galaxies
in the local universe into ‘ellipticals’ and ‘spirals’, and further subdivided into classes, and it
is known as the Hubble Tuning Fork diagram (for details see e.g. Binney &Merrifield, 1998).
Although this classification helped to gain a better understanding of the spiral galaxies, back
then and even now, still a theoretical foundation to study the origin and nature of these spiral
structure was largely missing.
The theoretical development in studies of origin of the spiral structure mainly started
with works of Bertin Linblad, who first addressed the spiral arms in terms of Maclaurin el-
lipsoids (flattened spheroids rotating in an equilibrium state) (Linblad, 1927). Later, Linblad
(1935) derived a condition for gravitational instability, and thereby the spiral arms, in a series
of rotating spheroids. He addressed the spiral arms in terms of individual stellar orbits rather
than a collective process. However, identifying the spiral arms as wave was largely missing
until in 1960s (for detailed discussion see e.g. Dobbs & Baba, 2014).
Around 1960s, the theory of spiral structure received a major boost. In 1964, C. C. Lin
and F. Shu proposed their theory about spiral arms in which they treated the spiral arms as
stationary density waves. According to this theory, the spiral arms are treated as the over-
dense regions in the disk that exhibits a rigid body rotation in the stellar disk and the pattern
rotates with a single constant pattern speed, and the pattern remains largely unchanged over
a long time (Lin & Shu, 1964, 1966). For the first time, the Lin–Shu hypothesis provided the
much needed theoretical foundation to study the spiral structure in the disk galaxies in great
detail. It also allowed one to furnish a number of predictions about the spiral arms that can
be tested observationally.
Around the same time, P. Goldreich andD. Lynden-Bell carefully examined the response
of a differentially rotating fluid disk when any small-scale disturbance is introduced. Surpris-
ingly, it turned out that in spite of the disk being stable to local axisymmetric perturbations,
the disk responds remarkably to these small-scale non-axisymmetric perturbations – the ini-
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tial disturbances get amplified, grew for a limited time, and then ultimated get sheared by the
differential rotation of the disk (Goldreich & Lynden-Bell, 1965). At the same time, W. Julian
and A. Toomre studied the response of a differentially rotating stellar disk to a point mass
orbiting on a circular path in the disk. They showed that the gravitational field produced a
strong spiral-shaped wave in the stellar disk (Julian & Toomre, 1966).
Thus, these studies taken together, marked the beginning of formal theoretical studies
of spiral structure in disk galaxies. Since then, it has become one of the prime topic of interest
in galactic dynamics.
1.1.2 Variety of spiral structure
The very presence of spiral structure made the late-type disk galaxies distinguishable from
elliptical galaxies. However, there exists a huge scatter in the morphology, nature, and the
pitch angle of the spiral arms within the the class of disk galaxies.
As for themorphologyof spiral arms, sometimes spiral arms appear to be smooth, regu-
lar, and extends up to almost the edge of the optical disk. The spiral arms seen in galaxies like
M 51, NGC 2997 are typical example for these large-scale spiral arms, which is often termed
as a ‘grand-design’ spiral pattern. Also there are many late-type disk galaxies where the spiral
structure appear to be patchy and broken into many smaller parts. These small-scale spiral
features are often called ‘flocculent’ spiral arms. Recent surveys on galaxy morphology (e.g.
see Elmegreen et al., 2011) also revealed that the spiral arms are generally found to be of three
main types, namely, grand-design spiral arms,flocculent spiral arms andmultiple spiral arms.
The pitch angle which serves as a measure of how tightly the spiral arms are wound
in the disk, is found to increase along the Hubble sequence, with Sa-type of galaxies have
the smallest pitch angle while Scd-type of galaxies have the highest pitch angle. However,
Kennicutt (1991) showed that trend holds only in the average sense, and there is a consider-
able amount of scatter in the values of pitch angle within any specific sub-type in the Hubble
sequence.
Also sometimes the appearance of the spiral structure changeswhen the galaxy is viewed
in a different wavelength. This happens because the optical light is mainly dominated by the
newly-formed young stars and the HI I regions (blue arm), whereas the near-infrared (NIR)
view is mainly dominated by the older stellar population (red arm) which constitutes almost
70 per cent of the total stellar population. Thus, images taken at different wavelengths es-
sentially trace very different stellar populations, and thus a multi-wavelength study of the
spiral structure of a disk galaxy will providemore insight about the spiral arms. The existence
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of such spiral structure in older stellar population was first discovered by Zwicky (1955), and
later Schweizer (1976) followed it up and extended thiswork. This coexistence of red arms and
blue arms essentially tell that the whole stellar population takes part in the spiral structure.
1.1.3 Small-scale spiral structure – Swing Amplification
In a disk of spiral galaxy, stars have their individual epicyclic motion. Also the differential
rotation of the disk introduces a shear in the system whose sense coincides with that of the
epicyclic motion of stars. And there is self-gravity of the disk along with the pressure of the
stars (treated as fluid). All these can lead to a finite growth of the non-axisymmetric perturba-
tions in the disk under certain circumstances. Toomre (1981) coined this as ‘Swing amplifica-
tion’ as the growth of the non-axisymmetric perturbation occurs when the wave swings from
the leading position to the trailing position.
Here, a brief account of the swing amplification in a fluiddisk is presented, for a detailed
description see Goldreich & Lynden-Bell (1965).
The galactic disk is taken to be infinitesimally thin, and the stellar component is mod-
eled as isothermal fluid, characterized by the surface density Σ and the one-dimensional ve-
locity dispersion or the sound speed c. The fluid assumptionmakes themathematical formu-
lation simpler. The non-axisymmetric perturbations are treated to be as local i.e. the wave-
length of the perturbation is small as compared to the galactocentric radial distance, and the
perturbation is taken to be planner which requires theminimumwavelength of the perturba-
tions is greater than the vertical scaleheight of the fluid.
The galactocentric cylindrical coordinates (R , φ, z) are used throughout in this section.
The Euler equation of motion in a uniformly rotating frame is
∂v
∂t
+ (v ·∇v)v=−
c2
Σ
∇Σ−∇Φ−2Ω×v+Ω2R (1.1)
where Ω = Ωz is the angular velocity of the rotating frame. −2Ω×v is the coriolis force and
−Ω2R is the centrifugal force associated with the rotating frame.
Consider a point (R0,φ0) which is corotating in the above frame of reference. Then a
local patch around that point is chosen to carry out the local, non-axisymmetric perturbation
analysis.
Choose a Cartesian coordinate system (x, y,z) with center at (R0,φ0) and with the unit
vectors i, j, k such that the i coincides with the initial outward radial direction. Then, the
non-axisymmetric perturbation analysis is carried out in that local patch.
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The coriolis force term in equation (1.1) will be balanced by the unperturbed gravita-
tional force (for details see Goldreich & Lynden-Bell, 1965).
The perturbed Euler equations of motion in (x, y,z) coordinates will be
∂vx
∂t
+2Ax
∂vx
∂y
−2Ωvy =−
∂Φ
∂x
−
c2
Σ0
∂
∂x
(δΣ) (1.2)
∂vy
∂t
+2Ax
∂vy
∂y
+2Bvx =−
∂Φ
∂y
−
c2
Σ0
∂
∂y
(δΣ) , (1.3)
where vx and vy are the perturbed velocity components. Σ0 and δΣ denote the unperturbed
and perturbed surface density, respectively, and Φ is the gravitational potential of the fluid
disk. A, B are the Oort constants and their functional forms are given as (for details see e.g.
Binney & Tremaine, 1987; Binney &Merrifield, 1998)
A(R)=
1
2
[
vc(R)
R
−
dvc(R)
dR
]
; B(R)=−
1
2
[
vc(R)
R
+
dvc(R)
dR
]
, (1.4)
where vc(R) is the circular velocity at radius R .
Similarly, the perturbed equation of continuity is
∂
∂t
(δΣ)+2Ax
∂
∂y
(δΣ)+Σ0
(
∂vx
∂x
+
∂vy
∂y
)
= 0, (1.5)
and the perturbed Poisson equation is
(
∂2
∂x2
+
∂2
∂y2
+
∂2
∂z2
)
(δΦ)= 4πGδΣδ(z) , (1.6)
where δ(z) is the Dirac delta function.
The differential rotation present in the disk of the galaxy induces a shear in the system,
therefore, to take account of that, we introduce sheared coordinates system (x′, y ′,z ′, t ′) de-
fined as the following
x′ = x, y ′ = y −2Axt , z ′ = z, t ′ = t . (1.7)
A trial solution of the form exp[i (kxx
′+ ky y
′)] is introduced for the independent per-
turbed quantities, e.g. perturbed surface density δΣ.
We define τ as:
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τ≡ 2At ′−kx/ky , for a wavenumber ky 6= 0 (1.8)
In the sheared coordinates, τ is a measure of time, and it becomes zero when the modes be-
comes radial, i.e., where x is along the initial radial direction.
The local, linearized perturbation equations (1.2)–(1.6), when written in the sheared
coordinates will take the forms as given below (for details see Goldreich & Lynden-Bell, 1965)
∂vx
∂τ
−
Ω
A
vy =−i
ky
2A
τ
[
−δΦ−
c2
Σ0
(δΣ)
]
(1.9)
∂vy
∂τ
+
B
A
vx =−i
ky
2A
τ
[
−δΦ−
c2
Σ0
(δΣ)
]
(1.10)
∂
∂τ
(δΣ)− i
ky
2A
τΣ0vx + i
ky
2A
Σ0vy = 0 (1.11)
and,
[
−k2y (1+τ
2)+
∂′2
∂z2
]
(δΦ)= 4πGδΣδ(z ′) (1.12)
Now we define θ, the dimensionless measure of the density perturbation as
θ = δΣ/Σ0 (1.13)
where Σ0 denotes the unperturbed surface density and δΣ denotes the variation in surface
density.
After some algebraic simplifications alongwith the usage of equation (1.13), equations (1.9)–
(1.12) reduce to
(
d2θ
dτ2
)
−
(
dθ
dτ
)(
2τ
1+τ2
)
+θ
[
κ2
4A2
+
2B/A
1+τ2
+
k2yc
2
4A2
(1+τ2)
−Σ
(
πGky
2A2
)
(1+τ2)1/2
]
= 0,
(1.14)
where κ is the local epicyclic frequency. The four termswithin the square bracket of equation
(1.14) are due to the epicyclic motion, the unperturbed shear flow, the gas pressure, and the
self-gravity, respectively.
The systematic behavior of θ is as follows:
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When τ is large, the pressure term dominates over other terms, and hence the solution
will be oscillatory in nature. But when τ is small, the epicyclic motion term and the unper-
turbed shear flow dominate over the pressure term and they cancel each other completely
for a flat rotation curve. This results in setting up a kinematic resonance. In addition, if the
self-gravity term dominates over the pressure term then the duration of kinematic resonance
increases and the mode undergoes a swing amplification while evolving from radial posi-
tion (τ= 0) to trailing position (τ> 0) (for details see Goldreich & Lynden-Bell, 1965; Toomre,
1981).
1.1.4 Large-scale spiral structure – Density Wave theory
According to the Quasi stationary spiral structure (QSSS) hypothesis (Lin & Shu, 1964, 1966),
at least the large-scale (global) spiral arms are the global density wave – the regions of over-
densities in the galactic disk, and the pattern will rotate rigidly in the disk with a single, con-
stant pattern speed. The patternwill be maintained by the self-gravity of the disk component
(stars, gas), and it will largely remain constant, andwill evolve slowly over time, thus justifying
the nomenclature of quasi-stationary. For a detailed description of density wave theory and
its development see Rohlfs (1977); Pasha (2004a,b).
The advantage of this wave-like picture over the material arm description of the spiral
arms is that, it saves the spiral arms from the so-called ‘winding problem’, and the spiral arms
can be long-lived, rather from gettingwoundupon a few dynamical time-scalewhich ismuch
shorter than the age of the galaxy.
The dispersion relation for a fluid disk was derived by Lin & Shu (1964) and the disper-
sion relation for a collisionless stellar disk was derived by Lin & Shu (1966) and Kalnajs (1965),
and they are commonly known as Lin–Shu (LS) and Lin–Shu–Kalnajs (LSK) dispersion rela-
tions, respectively.
Dispersion relations for fluid and stellar disk inWKB limit
The basic assumptions are as follows:
Linear perturbations : The spiral arms are treated only as the small perturbations in the
underlying axisymmetric disk (fluid or collisionless, whichever applicable), and consequently
a linear perturbation analysis is carried out for the equations of motion, the continuity equa-
tion and the Poisson equation. It is inherently assumed that the perturbed quantities are very
small as compared to their unperturbed counterparts.
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Tight-winding approximation of the WKB limit : The major problem of carrying out
a global modal analysis in a galactic disk is that one has to deal with the self-gravity of the
disk. Since gravitational force is long-range force in nature, and hence all the perturbations
in the different parts of the galactic disk gets coupled, making it very complicated to deal
with it (for details see e.g. Binney & Tremaine, 1987). The tight-winding approximation or
the WKB (Wentzel - Kramers - Brillouin) approximation turned out to be an effective tool to
investigate the properties of the density waves in a differentially rotating disk. It makes the
gravitational field local, so that the dispersion relation can be written in terms of the local
quantities (Binney & Tremaine, 1987). For example, if the radial variation of any perturbed
quantity is written in terms of its amplitude and phase as given below
A(R)=Φ(R)e i f (R) (1.15)
then the tight-winding approximation assumes that the phase ( f (R)) varies rapidly as com-
pared to the amplitude (Φ(R)) (for detail see Dobbs & Baba, 2014).
Taking these assumptions, the resulting dispersion relation for an infinitesimally thin
fluid disk becomes
(ω−mΩ)2 = κ2−2πGΣ|k|+c2s k
2 , (1.16)
whereω and k are the frequency and radial wavenumber of the perturbations, respectively. κ
denotes the local epicyclic frequency, and Σ and cs denote the surface density and the sound
speed of the fluid, respectively.
Division of both sides of this equation (1.16) by κ2 will lead to
s2 = 1−|x|+Q2s x
2 , (1.17)
where s (= (ω−mΩ)/κ) and x (=k/kcrit) are the dimensionless frequencies,and kcrit (=κ
2/(2πGΣ))
is the critical wavenumber for which it is hardest to stabilize the system (Binney & Tremaine,
1987). Qs (= κcs/πGΣs) is the standard Toomre Q parameter which denotes the stability of
the disk against the local, axisymmetric perturbation. Qs > 1 denotes the stability of the disk,
Qs < 1 denotes the instability, andQs = 1 denotes the neutral stability of the disk, respectively
(Toomre, 1964). m ≥ 0 is any integer, and it denotes the m-fold rotational symmetry (m = 2
for two-armed spirals) of the perturbation.
Similarly, the dispersion relation for a collisionless stellar disk is given as (for details see
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Binney & Tremaine, 1987)
(ω−mΩ)2 = κ2−2πGΣ|k|F
(
ω−mΩ
κ
,
σ2Rk
2
κ2
)
(1.18)
where F ≤ 1 is the reduction factor, and it takes account of the reduction in the self-gravity of
the disk due to the velocity dispersion (σR) of the stellar component.
Expressing this equation (1.18) in terms of the dimensionless frequency (s) and dimen-
sionless wavenumber (x) we get
s2 = 1−|x|+Q2s x
2
F (s,χ) , (1.19)
where, χ= k2σ2
R
/κ2 = 0.286Q2sx
2.
The form forF (s,χ) for a razor-thin disk whose stellar equilibrium state is described by
the Schwarzchild distribution function is given by (Binney & Tremaine, 1987):
F (s,χ)=
2
χ
exp(−χ)(1− s2)
∞∑
n=1
In(χ)
1− s2/n2
, (1.20)
where In is themodified Bessel function of first kind.
A careful inspection of the forms of equations (1.17) and (1.19) will lead to important
insights about the density wave in a galactic disk.
• When s = 0, then the frequency of the perturbation (or the pattern speedΩp =ω/m) and
the rotational frequency (Ω) become the same, and the corresponding radius is termed
as Corotation radius (CR). Also when |s| = ±1, the forcing frequency seen by a particle,
(orbiting with a angular frequency Ω) m(Ωp−Ω), and the natural radial frequency κ
become equal and thus will be able to set up a steady wave, these radii are called Outer
Linblad resonance (OLR) and Inner Linblad resonance (ILR),respectively (for details see
Binney & Tremaine, 1987).
• For a stellar disk, |s| can never be greater than 1, but for the fluid disk the value of |s| can
exceed 1 (see expressions for |s| in equations (1.17) and (1.19)). The physical reason be-
hind this is the following: in a fluid disk, the pressure term can provide further support
so that the waves exist even when |s| > 1, but the collisionless stellar disk does not have
any pressure support, and hence waves cannot exist for |s| > 1.
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Propagation of tightly-wound density wave packet
The density wave, although taken as quasi-stationary in the density wave theory, will actually
propagate radially with its group velocity towards the increasingly short-wavelength in the
disk.
For an inhomogeneousmedium,the group velocity at a fixed radius is defined as (Witham,
1960; Lighthill, 1965)
cg(R)=
∂ω(k,R)
∂k
. (1.21)
Using this definition, the resulting group velocity for the fluid disk and the stellar disk
become (Binney & Tremaine, 1987)
cg(R)= sgn(k)
|k|c2s −πGΣ
ω−mΩ
, (1.22)
and,
cg(R)=−
κ
k
1+2
∂lnF (s,χ)
∂lnχ
∂
∂s ln
F (s,χ)
1−s2
. (1.23)
Toomre (1969) studied the propagation of such wavepacket and calculated the group
velocity of a density wavepacket using the typical values for the solar neighborhood. Taking
the pattern speed (Ωp) ∼ 12.5 km s
−1 kpc −1,Qs = 1, and σR ∼ 35 km s
−1, he found the group
velocity (cg) ∼ -10 km s
−1 (the negative sign implies the inward motion of the wavepacket),
and even with this value of the group velocity, the wavepacket can travel a distance of 10 kpc
in about 109 years (Toomre, 1969). Thus, the wavepacket will be destroyed at the center of
the galaxy, and the stellar density wave will have a short lifetime. This clearly posed a serious
problem for the prediction of ever-lasting density wave picture.
However, this can be avoided if there exists some reflecting/refracting boundary in the
central region, so that before the wave reaches the ILR, it can reflect/refract the wave back to
its wave cycle, and thus a standing wave in the disk can be established. A plausible mech-
anism is that if the Toomre Q parameter gets very high (known as Q barrier), so that the
wave can be reflected back before it gets absorbed at ILR (for details see Dobbs & Baba, 2014;
Saha & Elmegreen, 2016). Also at corotation (CR), short trailing stellar density waves can be
excited by ‘Wave amplification by stimulated emission radiation’ ((WASER) Mark, 1974, 1976)
or by swing amplification (Goldreich& Lynden-Bell, 1965; Julian & Toomre, 1966; Toomre, 1981).
Thus, a standingwave can be set up in the galactic disk between a reflecting/refracting bound-
ary in the inner region and the CR.
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1.1.5 Othermechanisms to trigger spiral features
In the literature, some othermechanisms are also shown to trigger the spiral arms in the disks
of late-type galaxies. For example, bars have been proposed to generate spiral arms in the
disks of barred-spiral galaxies. Themotivation came from the observational fact that inmany
barred-spiral galaxies, the two-arm spirals start just from the end position of the bar. In the
past, several studies have been carried out to study the gaseous spiral arms driven by bars
(e.g. see Sanders & Huntley, 1976; Combes & Gerin, 1985; Athanassoula, 1992). Also, N-body
simulation study by Saha, Tseng & Taam (2010) showed that the bar can heat up the stellar
disk and also can induce spiral structure in the stellar disk.
Tidal interaction is shown to be another mechanism which can induce spiral structure
in the galactic disk. M 51 is one such plausible case where the companion (M 52) is thought
of as the driver for the spiral arms seen in M 51. A comprehensive study by Toomre & Toomre
(1972) showed how the interaction between two such galaxies can produce spiral arms, galac-
tic bridges and tails for a wide range of possible alignments of the two such galaxies. For a
review on dynamics of the interacting galaxies, see e.g. Barnes & Hernquist (1992)
1.1.6 Impact of spiral arms on disk evolution
Spiral arms play an important role in the secular evolution of disk galaxies. Due to the non-
axisymmetric perturbations such as spiral arms, stars can gain or lose their angular momen-
tum (Lynden-Bell & Kalnajs, 1972), and this leads the stars to migrate in the outward or in-
ward directions from their birth location - this phenomenon is called radial migration. Thus
the chemical pattern in disk of a galaxy gets blurred and consequently the process of study-
ing the star formation history in the disk galaxy becomes difficult. Several N-body simu-
lations have studied the effect of transient spiral arms in the radial migration process (see
e.g. Sellwood & Binney, 2002; Schonrich& Binney, 2009; Minchev et al., 2011). The pattern
speed of the spiral arms set the location of resonance pointswhere the angular transport phe-
nomenon is shown to happen, and thus spiral structure has a direct implication in shaping
up the evolution of disk galaxies.
1.2 Presence of Interstellar gas
It is well known that any late-type disk galaxy contains a finite amount of interstellar gas along
with the stellar component in the disk of the galaxy. The interstellar medium (ISM) is a mul-
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tiphase system consisting of components which have different temperature, density and ion-
ization states. Based on these characteristic properties, the ISM can be broadly divided into
three components whose details are given below (for details see e.g. Dyson &Williams, 1995;
Draine, 2011).
Neutral atomic hydrogen gas
Theneutral atomic hydrogen gas consists of twodistinct phases,namely, Cold neutralmedium
(CNM) andWarmneutralmedium (WNM) where the hydrogen number density and the tem-
perature differ significantly. For the CNM, the cold diffuse HI clouds are found with temper-
ature ∼ 100 K , and density (nH ) ∼ 50 cm
−3. The 21 cm HI emission line is used to trace this
population. For the WNM, the intercloud gas is found with temperature ∼ 5000–6000 K and
density (nH ) ∼ 0.2-0.5 cm
−3. Here also, 21 cm HI emission line and optical UV absorption
lines are used to trace this population (Kulkarni & Heiles, 1987)
Ionized gas
The ionized gas, also termed as Warm Ionized medium (WIM), consists of gas where the hy-
drogen has been photoionized by ultraviolet photons from hot stars. This phase has a low
density (nH ∼ 0.1 cm
−3) and a high temperature (T ∼ 8000 K ). This WIM can be traced by the
optical and UV ionic absorption line and thermal radio continuum.
Molecular hydrogen gas
In disk galaxies like ourMilkyWay,most of themolecular hydrogen is found in giantmolecular
clouds with typical sizes ∼ 400 pc and mass a few times 105, column density ≥ 103 cm−3, and
temperature 10−20K . Unlike the other phases of ISM, they are gravitationally bound system.
Since the bulk of molecular hydrogen is cold, and therefore it is hard to detect them. The first
rotational level, accessible only through a quadrupolar transition, is more than 500 K above
the fundamental level. Thus, the presence of molecular hydrogen is inferred essentially from
the other tracer molecules, like CO which is the most abundant molecule after molecular
hydrogen. Its dipole moment is small and hence CO can be easily excited, the emission of
CO(1−0) at 2.6mm is ubiquitous in disk galaxies. These molecular clouds are the sites where
the star formation takes place (see e.g. Dyson &Williams, 1995; Draine, 2011).
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1.2.1 Extent &mass of interstellar gas
The extent of the gas disk ismainly determinedby the extent of theHI disk as the distribution
of molecular hydrogen (H2) is more centrally concentrated than HI . Swaters (1999) showed
that the ratio of the radial HI extent to the optical size in dwarf irregular galaxies is ∼ 1.8
similar to the ratio of ∼ 1.5 for larger galaxies. In extreme cases, some late-type dwarf irregu-
lar galaxies like DDO 154, NGC 3741 host an HI disk which is 4 and 8 times larger than their
Holmberg radius, respectively (Carignan & Freeman, 1988; Begum, Chengalur & Karachentsev,
2005; Gentile et al., 2007). However, the extent of the HI disk also depends on the limitingHI
column density, as the latter sets the limit up to which one can trace theHI extent. For exam-
ple, for the recent HI survey for the nearby galaxies, THINGS (The HI Nearby Galaxy Survey),
the limiting value is typically 4 × 1019 cm−2 (Walter et al., 2008). For a detailed discussion of
the size of the HI disk see section 12.2 in Giovanelli & Haynes (1988). The extended HI disk
is crucial in studying the distribution of dark matter in disk galaxies as an extended HI disk
allows one tomeasure the rotation curve, and hence the deductionof the darkmatter halo pa-
rameters far out from the stellar disk. In many cases, the outer regions of the HI disk display
the signatures of lopsidedness and warps.
Also the ratio of the gasmass (Mgas) to the total dynamical mass (Mdyn, as inferred from
the observed rotation curve) varies with the Hubble sequence. To explain, the ratio of the gas
mass to the total dynamical mass increases monotonically as one moves from Sa-type disk
galaxies to the Scd-type disk galaxies, i.e. the early-type disk galaxies are less gas-rich as com-
pared to the late-type disk galaxies. Themedian value ofMgas/Mdyn varies from 4 per cent for
Sa-type galaxies to 25 per cent for Scd-type galaxies, although there is scatter within a specific
Hubble type (e.g. see in Young & Scoville, 1991; Binney &Merrifield, 1998). The ratio of total
neutral gas (MHI and MH2) to the stellar mass (M∗) also varies with the Hubble type. For ex-
ample, the gas fraction (ǫ =Mgas/M∗) value for Sa-Sab type type is typically 5 per cent whereas
for Scd-type of galaxies the value of ǫ becomes∼ 30 per cent (e.g. see Young & Scoville, 1991).
1.2.2 Radial surface density profiles for interstellar HI and H2 gas
The radial surface density profiles for HI and H2 do not follow any specific universal func-
tional form, unlike the stellar component, and they show a wide variation in their radial dis-
tribution in the disk galaxies. The distributionof molecular hydrogen (H2) shows amore cen-
trally concentratedbehavior than that forHI , and only for aminorityof galaxies it shows a de-
pression in the central regions, like what we see in case of theMilkyWay (Binney &Merrifield,
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1998). On the other hand, the radial surface density for the atomic hydrogen (HI ) increases
monotonically from the inner radii, and in the outer parts of the disk galaxies it displays more
or less a constant values. Sometimes, the distribution of HI also shows a depression in the
central regions, like what we see for the Sb-type galaxies NGC 2841 and NGC 7331 (e.g. see
Binney &Merrifield, 1998).
A recent study byBigiel & Blitz (2012) using theCO observations fromHERACLES (HERA
CO–Line Extragalactic Survey) and HI observations from THINGS showed for 33 nearby, late-
type spiral galaxies that the total neutral gas (atomic hydrogen and the molecular hydrogen)
surface density profile obeys a well-constrained universal exponential distribution outside
0.2×R25, and R25 denotes the radius where the B-band surface brightness drops to 25 mag
arcsec−2.
1.2.3 The gas content of theMilkyWay
The observed surface density profiles for HI and H2 in the Milky Way are irregular in na-
ture. The H2 distribution shows (after a gap in the very central region) a ring-like structure
with mean radius of ∼ 4.5 kpc and full width at half maximum ∼ 2 kpc where the maxi-
mum of ΣH2 reaches ∼ 20 M⊙ pc
−2 around 5 kpc and then falls off exponentially (see e.g.
Scoville & Sanders, 1987; Binney &Merrifield, 1998). The HI distribution is relatively regu-
lar; after 4 kpc it gradually increases and then saturates to a value 5-6 M⊙ pc
−2 in the outer
parts (Burton & Gordon, 1978; Clemens, Sanders & Scoville, 1988; Dickey & Lockman, 1990;
Young & Scoville, 1991; Binney &Merrifield, 1998), but it shows a depression in the very inner
part where the surface density ofHI suddenly goes to almost zero at R∼ 1.5 kpc (Binney&Merrifield,
1998). Recent study of HI distribution revealed that the radial surface density distribution of
HI follows an exponential fall-off for 12.5 ≤ R ≤ 30 kpc. For R ≤ 12.5 kpc the surface density
saturates at approximatelyΣinner ∼ 10 M⊙ pc
−2 (Kalberla & Dedes, 2008).
1.2.4 Past results of effect of interstellar gas on dynamics of disk galaxies
Several past studies have addressed the effect of the interstellar gas, having a lower velocity
dispersion as compared to the stellar component, in different contexts of the dynamics of
the galaxy. For example, it was shown that the addition of the low velocity dispersion com-
ponent, namely, gas in a gravitationally coupled two-fluid (stars plus gas) system pushes the
system towards being more unstable against the local axisymmetric perturbations. In other
words, even when the constituent systems (namely gas and stars) are stable when treated in-
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dividually, the inclusion of gas makes the corresponding two-component systemmore prone
to become unstable against the local axisymmetric perturbations (Jog & Solomon, 1984a,b;
Bertin & Romeo, 1988; Jog, 1996). This trend also holds for the gravitationally coupled two-
component (star plus gas) system, even if the stellar component is treated as a collisionless
system (Rafikov, 2001). Also, Jog (1992) showed that owing to the low velocity dispersion, non-
axisymmetric perturbations in gas get more swing amplified and are found to bemore tightly
wound than the non-axisymmetric perturbations present in the stellar component.
1.3 DarkMatter in disk galaxies
Studies of dark matter in the contexts ranging from the structure formation to galactic scale
is a very active topic of research since last couple of decade or before. Since this component
does not emit light, it is impossible to detect it directly via observations. However, this un-
seen component makes its presence felt by influencing the dynamics of the system via gravi-
tational interaction. According to the latest survey carried out by Planck satellite, the current
estimates for the dark matter component is ∼ 23 per cent of the total matter in the universe
while the baryonic component constitutes only∼ 4 per cent of the totalmatter of the universe
(Planck collaboration : Ade et al., 2016)
After the recent observational detection of gravitational wave in 2015, the next chal-
lenging thing in astronomy is to either detect directly/indirectly the presence of such unseen
matter or to nullify the proposition of such component. Although several studies have been
carried out (including this thesis!) to quantify and understand the possible role of the dark
matter on the dynamics of systems in the galactic scale, simultaneously it is also required
to set up experiments to understand the exact nature of this unseen component and also
to propose missions for either detecting directly/indirectly the existence of this dark matter
or dismiss conclusively the very existence of the dark matter. Several missions are already
proposed/functional such as PAMELA (Payload for Antimatter Matter Exploration and Light-
nuclei Astrophysics), Fermi-LAT (Fermi-Large Angle Telescope), for direct/indirect detection
of dark matter. Till date (at the time of writing this thesis!) no conclusive detection of dark
matter has been reported so far, but it should be also borne in mind that more improvement
in both techniques and sensitivity is required for detecting the very existence of dark matter.
1.3.1 Historical development
Oort (1932) measured the average matter density near the solar neighbourhood using the
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statistics for K giant stars. He found in the solar neighbourhood, the average matter den-
sity (ρ)∼ 0.15M⊙ pc
−3. On the other hand, when only the visible stars are taken into account,
the corresponding average density is only about half of what was deduced from observation.
That clearly indicated the possibility of having some unseen matter in the solar neighbour-
hood also. The first detection of significant mass discrepancies between the luminous mass
and the dynamical mass was shown by Zwicky (1933) for the Coma clusters. Zwicky (1933)
applied the virial theorem to 7 galaxies in the Coma cluster to determine the total mass of the
cluster. The measuredmass–to–light (M/L) ratio in that cluster was found to be 400.
The evidence for the presence of dark matter in the case of individual galaxies was
brought into the light by the work of Rubin & Ford (1970). Theoretically, the rotation curve of
a stellar disk is expected to rise in the inner region and then falling off in a Keplerian fashion.
However, the observed rotation curves were not seen to fall-off in such a Keplerian fashion,
and remained nearly flat in the outer parts, in sharp contrast to the theoretical predictions.
However, Rubin & Ford (1970) used the optical data which was limited to a few kpc in the in-
ner region, therefore the mass-discrepancies predicted by Rubin & Ford (1970) was only by
a factor a 2–3. The HI rotation curve allowed one to measure the rotation curve to farther
distances and beyond the optical disk which in turn allowed one to measure the mass dis-
crepancies to a large distances from the galactic center. The final convincing proof of this
mass discrepancy came from the work by Bosma (1978). Using the 21 cm emission line of
atomic hydrogen (HI ), Bosma (1978) measured the rotation curve for 20 disk galaxies out to
several disk scalelengths. These observed flat rotation curves extended beyond the optical
disk and these showed the presence of mass discrepancies, thus putting the proposition for
existence of dark matter in disk galaxies on a firm basis.
1.3.2 The ‘Core–Cusp’ problem
The discrepancy between the observed flat rotation curve and the theoretically calculated ro-
tation curve with Keplerian fall-off at larger radius for luminousmatter had led to the propo-
sition for existence of the dark matter component in the galactic scale. Although in many
galaxies, the inner region is still dominated by the luminous (baryonic) matter, however in
the outer regions of disk galaxies, the dark matter component contributes the most to the
rotation curve.
As the rotation velocity remains almost constant in the outer parts and dark matter
dominates in the outer parts and the total mass increases linearly with radius, therefore, it
is suggestive that the mass density profile of dark matter in the outer part is likely to follow
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a distribution similar to isothermal sphere. In other words, observations suggest that ρ ∼
r−2. However, the exact behavior of the mass density in the inner region remains somewhat
elusive.
The rotation velocity due to the dark matter component is found to rise with radius in
a linear fashion in the inner parts of a disk galaxy. This solid-body rotation is indicative of a
presence of a density distributionwhich remains constant in the inner region, in other words
it has a ‘core’ in the inner parts of the galaxy. In the past, some ‘cored’ density profile for dark
matter halo like pseudo-isothermal halo, non-singular isothermal halo were tried to model
the observed rotation curves, and they produced good fit to the observed rotation curves
(Athanassoula et al., 1987; Begeman, Broeils & Sanders, 1991; Broeils, 1992). Therefore, from
the observational point view, a ‘cored’ density profile for the darkmatter halo ismore favored.
On the other hand, earlyN-body simulations of Cold darkmatter (CDM) along with the
more recent N-body simulations ofΛCDM predicted that the density profiles for the galactic
dark matter halos should have a ‘cusp’ at the central region, i.e. the density of the dark mat-
ter will display a ‘spike’ in the central region (Dubinski & Carlberg, 1991; Navarro et al., 1996,
1997). In other words, cosmological N-body simulations favored a ‘cuspy’ density profile for
the galactic dark matter halo. This discrepancy is popularly known as ‘Core–Cusp’ problem or
“the small-scale crisis in cosmology”.
In the past, several studies aimed to reconcile between these core/cusp problem and
tried to put forward somemechanism thatmight be held responsible formaking a cuspy dark
matter halo into a cored darkmatter halo. Also, some other studies aimed to find some obser-
vational artifacts that might create an illusion of a cored dark matter halo while it reality they
might be actual cuspy. To mention a few, using numerical simulations, Navarro, Eke & Frenk
(1996) studied the effect of star formation on baryons and the dark matter and found that if
a large fraction of baryonic component is expelled in the dark matter halo, it can produce a
core distribution of the dark matter halo. Similarly Gelato & Sommer-Larsen (1999) also tried
a detailed study of the effect of this blow-out process on the shape of the dark matter halo.
Another study by Mashchenko et al. (2006) showed that the random bulk motions of gas in
small primordial galaxies can make a cuspy density distribution flat in a short time-scale (∼
108 years), thus can give rise to a cored density distribution. In observations also, there are
some uncertainties present that can affect the process of identifying the core/cusp distribu-
tion of dark matter. For example the process ‘beam-smearing’ effect can decrease the ob-
served velocities, and for observations affected severely by this beam-smearing process can
make a steeply rising rotation curve into a slowly rising rotation curve, thus an inherently
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cuspy density may appear as a cored density distribution for the dark matter halo (e.g. see
discussions in de Blok et al., 1996). However, de Blok &McGaugh (1997) modeled the effect
of this beam-smearing and concluded that the effect is not so strong to affect the appearance
of the dark matter density distribution completely. For a comprehensive discussion of the
core/cusp problem, see de Blok (2010).
1.3.3 Different profiles for DMhalo
In the past literature, several profiles for the dark matter halo have been used to derive mass
models from the observed rotation curves for the disk galaxies. While some are motivated
from the high-resolution studies of cosmological simulations, some other profiles are ob-
tained which produce a good fit to the observed rotation curve. Below, I list some of these
dark matter halo profiles that are used extensively for fitting the observed rotation curves.
Pseudo–Isothermal profile
The density profile (ρDM) for the pseudo-isothermal halo is given as
ρDM(R ,z)=
ρ0
1+ R
2
R2c
, (1.24)
where ρ0 and Rc are the core density and the core radius, respectively. As seen from the ex-
pression, it has a ‘core’ as the radius (R) approaches the center of the galaxy. In the past, it has
been extensively used tomodel the observed rotation curves (e.g. seeMera, Chabier & Schaeffer,
1998; de Blok et al., 2008; Oh et al., 2008) especially for late-type and dwarf galaxies.
NFW profile
Motivated by the high-resolution simulation study of cold darkmatter structure byNavarro et al.
(1996), NFW (Navarro–Frenk–White) profile is also used tomodel the observed rotation curves
of the disk galaxies (e.g. see Sofue, 2016) and also inN-body simulations of isolated disk galax-
ies (e.g. see D’Onghia, Vogelsberger, & Hernquist, 2013).
The density profile (ρDM) for the NFW profile is given as
ρDM(r )= ρcrit
δchar
(r /rs)(1+ r /rs)2
, (1.25)
where rs is the scale radius and δchar is the characteristic overdensity. As is evident from the
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expression, it has a ‘cusp’, the density tends to become infinite as the radius (r ) approaches
the center of the galaxy.
de Zeeuw& Pfenniger profile
Thedensity profile (ρDM) for the de Zeeuw&Pfenniger profile is given as (de zeeuw & Pfenniger,
1988)
ρDM(R ,z)=
ρ0(
1+
R2+ z
2
q2
R2c
)p , (1.26)
where ρ0 is the core density, Rc is the core radius, p is the density index, and q represents the
vertical–to–planar axis ratio. In contrast to the earlier profiles listed above, this profile allows
one to include ‘prolate’ or ‘oblate’ shapes for modeling the dark matter halo depending on
whether q is > 1 or < 1, respectively.
1.4 Our way of treating Darkmatter halo
In the work presented in this thesis, we have treated the darkmatter halo to be gravitationally
inert, i.e. it is assumed to be non-responsive to the gravitational force of the perturbations
in the disk for simplicity. In other words, the static potential for dark matter halo obtained
from themass-modeling of the observed rotation curve is used. Also we assume that the dark
matter halo is concentric to the stellar disk, so that the net rotation curve can be obtained by
adding the respective contributions of stellar and the dark matter halo in quadrature.
In all the cases studied, we have used a pseudo–isothermal profile for the dark matter
halo. The best-fit models for the dark matter halo of the galaxies that we have used in this
work of thesis are taken from the observations which makes our analysis more realistic.
At this point,wemention that in this thesis throughout,we have assumed anon-rotating
dark matter halo. In the past, people sometimes used a rotating/spinning darkmatter halo in
the N-body simulations. For example, Saha & Naab (2013) showed that a spinning dark mat-
ter halo can facilitate the growth of bars through resonant gravitational interactions. Another
study by Kim & Lee (2013) presented the first nymerical evidence for the hypothesis that the
late-type LSBs form in the haloes with large angular momenta. However, we caution that it
is extremely difficult to use a spinning/rotating dark matter halo in the semi-numerical ap-
proach that we have followed throughout the thesis.
The question remains how to extract the dynamical imprints of the dark matter halo
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on the spiral structure of different scales seen in the disk galaxies? To achieve that goal, we
first considered the disk component and theoretically calculated the corresponding rotation
curve, and some related quantities like angular frequency (Ω), local epicyclic frequency (κ) for
it. Then using these values, we calculate the dispersion relations or carried out the swing am-
plification analysis, whichever is applicable. Next we include the dark matter halo in the cal-
culation and the contributionsof the stellar and darkmatter component are added in quadra-
ture in order to get the net rotation curve, i.e.,
v2c,net = v
2
c,disk+v
2
c,DM (1.27)
Although, we point out that this scheme of treating the stellar disk alone (disk alone
case) and then adding the dark matter (stars plus dark matter halo case) is a little stylized,
however, this novel scheme allows us to identify the exact role of dark matter halo on the
spiral structure at different scales.
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2. Suppressionof gravitational instabilities
bydominantdarkmatterhalo in lowsur-
face brightness galaxies 1
2.1 Abstract
The low-surface-brightness galaxies are gas-rich and yet have a low star formation rate; this
is a well-known puzzle. The spiral features in these galaxies are weak and difficult to trace,
although this aspect has not been studied much. These galaxies are known to be dominated
by the dark matter halo from the innermost regions. Here, we do a stability analysis for the
galactic disk of UGC 7321, a low-surface-brightness, superthin galaxy, for which the various
observational input parameters are available. We show that the disk is stable against local,
linear axisymmetric and non-axisymmetric perturbations. The Toomre Q parameter values
are found to be large (≫ 1) mainly due to the low disk surface density, and the high rotation
velocity resulting due to the dominant dark matter halo, which could explain the observed
low star formation rate. For the stars-alone case, the disk shows finite swing amplification
but the addition of dark matter halo suppresses that amplification almost completely. Even
the inclusion of the low-dispersion gas which constitutes a high disk mass fraction does not
help in causing swing amplification. This can explain why these galaxies do not show strong
spiral features. Thus, the dynamical effect of a halo that is dominant from inner regions can
naturally explainwhy star formation and spiral features are largely suppressed in low-surface-
1Ghosh & Jog, 2014, MNRAS, 439, 929
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brightness galaxies, making these different from the high-surface-brightness galaxies.
2.2 Introduction
It is well known that the class of galaxies known as the low-surface-brightness (LSB) galaxies
are characterized by a low stellar disk surface density (deBlok &McGaugh, 1996; de Blok, McGaugh & Rubin,
2001) and a low star formation rate (Impey & Bothun, 1997). Despite having a highmass frac-
tion of the disk in gas, these do not appear to have hadmuch star formation and are thus un-
evolved (Bothun, Impey &McGaugh, 1997). This has been a long-standingbasic puzzle about
these galaxies. Many LSB galaxies do show spiral structure but it is fragmentary or incipient,
and is extremely faint and difficult to trace (Schombert et al., 1990;Mcgaugh, Schombert & Bothun,
1995), also Schombert, Maciel &McGaugh (2011, see Figs. 5 and 6 there).
The lack of star formation in the LSBs is not well-understood. One common reason sug-
gested for this is the low surface density that lies below the onset for threshold (vander Hulst et al.,
1993), or the lack ofmolecular gaswhichnormally forms the site of star formation (O’Neil, Schinnerer & Hofner,
2003; Jog, 2012). Further, these galaxies are seen in isolated regions (Mo, Mcgaugh & Bothun,
1994) or at the edges of voids (Rosenbaum et al., 2009). Thus, there is a lack of galaxy interac-
tion that could have triggered star formation (e.g., Mihos et al., 1997) or spiral features (e.g.,
Noguchi, 1987).
It is well established in the literature that the LSB galaxies are dark matter dominated
down to their central regions (Bothun, Impey &McGaugh, 1997; de Blok &McGaugh, 1997;
de Blok, McGaugh & Rubin, 2001; Combes, 2002; Banerjee et al., 2010). We note that this is
different from the dominance of dark matter at large radii as deduced from the flat rotation
curves that are seen in all galaxies. In the LSBs, within the optical disk, the darkmatter consti-
tutes about 90 per cent of the total mass and the rest (10 per cent) is in baryons, while within
the same radius, the two are comparable in the ‘normal’ or high-surface-density (HSB) galax-
ies (e.g., de Blok, McGaugh & Rubin, 2001; Jog, 2012). It has sometimes been claimed that the
dark matter halo prevents star formation though the details are not well understood.
Early work using numerical simulations has indicated (Mihos et al., 1997) that the LSBs
are stable against the growth of global non-axisymmetricmodes such as bars due to low sur-
face density and large dark matter content. However, observations show that bars are com-
mon in LSBs and can be off-centered as in irregular galaxies (Matthews & Gallagher, 1997).
This needs to be followed up in future work. The discrepancy could be partly due to different
definitions of bars used in these papers.
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Some of the dynamical properties of LSB galaxies such as stability against a bar mode
(Mihos et al., 1997), and the superthin nature of a particular subset of LSB galaxies as arising
due to a dense and compact halo (Banerjee & Jog, 2013), have been studied so far. However,
the absence of strong spiral features in LSB galaxies has not drawn themuch-deserved atten-
tion so far.
In this paper,we present a dynamical study of local axisymmetric andnon-axisymmetric
perturbations in an LSB, superthin galaxy, UGC 7321, for which the observational parameters
are known. A previous study of this galaxy has revealed it is dark matter dominated at all
radii starting from the innermost regions (Banerjee et al., 2010). Also the de-projected radial
HI surface density lies well below the critical HI surface density for star formation for all
radii (Uson &Matthews, 2003). Thus, UGC 7321 is a suitable candidate to probe the effect of
dark matter halo on both axisymmetric and non-axisymmetric local perturbations. We find
that this galaxy is highly stable against both these mainly due to the low disk surface density
and the high fraction of dark matter from the innermost regions which dominates its rotation
curve.
We obtain the values for theQ parameter for local stability first for gas-alone (Toomre,
1964) and then for gravitationally coupled stars and gas as in Jog (1996). The value of Q < 1
is taken to indicate onset of star formation (Kennicutt, 1989). We also study the local non-
axisymmetric linear perturbations using the idea of swing amplification as a mechanism for
generating local spiral features (Goldreich & Lynden-Bell, 1965; Toomre, 1981). This amplifi-
cation is temporary and arises as a mode swings past the radial direction, and occurs due a
kinematic resonance between the epicyclic motion and the trailing sense of differential rota-
tion in a disk, when supported by the self-gravity in the disk. While using swing amplification
as a tool, people often use some educative guess values for theQ parameter, but in this paper
we calculate the actual values ofQ parameters obtained from the observed quantities and use
these as input to study the local axisymmetric stability and also the swing amplification. We
show that in a galaxy like UGC 7321, the dark matter halo dominates in mass from the inner-
most regions, which increases the Q values and hence suppresses star formation and swing
amplification nearly completely.
§ 2.3 presents the details of the formulation of the problem, § 2.4 presents the details
of input parameters, and the numerical solution and the results. § 2.5 and § 2.6 contain the
discussions and the conclusions, respectively.
32 2. Suppression of instabilities by halo
2.3 Formulation of the Problem
2.3.1 Axisymmetric case
A disk supported by rotation and random motion is stable to local, axisymmetric perturba-
tions if the followingQ criterion is satisfied (Toomre 1964)
Q = κc/πGµ> 1 (2.1)
where κ is local epicyclic frequency, c is the one-dimensional random velocity dispersion and
µ is the surface density of the disk.
This was extended for a two-component disk consisting of gravitationally coupled stars
and gas by Jog (1996), where the local stability parameterQs−g for axisymmetric two-fluid case
is defined as [
2πGkµs
κ2+k2c2s
+
2πGkµg
κ2+k2c2g
]
atkmin
≡
2
1+ (Qs−g)2
, (2.2)
where k is the wavenumber of the perturbation and kmin is the wavenumber at which it is
hardest to stabilize the two-fluid system, and cs and cg denote the random velocity disper-
sion in stars and gas respectively. While this is difficult to solve analytically, a semi-analytical
approach to solve this was given by Jog (1996) which is summarized next.
Three dimensionless parameters are used, Qs and Qg the standard Q parameters for
local stability of stars-alone and gas-alone cases, respectively, and ǫ = µg/(µg +µs) the gas
mass fraction in the disk. In terms of the above three dimensionless parameters, the above
condition reduces to
(1−ǫ)
ls−g{1+ [Q
2
s (1−ǫ)
2]/(4l2s−g)}
+
ǫ
ls−g[1+Q
2
gǫ
2/(4l2s−g)]
≡
2
1+ (Qs−g)2
,
(2.3)
where ls−g = [κ
2/2πGkmin(µs+µg)] is the dimensionless wavelength at which it is hardest to
stabilize the two-fluid system. In analogy with the one-component case, the disk is shown
to be stable, marginally stable or unstable against axisymmetric perturbations depending on
whether theQs−g value is > 1, = 1, or < 1 respectively (Jog, 1996).
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A normal-mode linear perturbation analysis of the two-fluid (stars coupled with gas)
system supported by random motion and rotation (see Jog & Solomon, 1984) showed that a
radial mode (k,ω) obeys the dispersion relation
ω2(k)=
1
2
{
(αs+αg)−
[
(αs+αg)
2
−4(αsαg−βsβg)
]1/2}
, (2.4)
where
αs = κ
2
+k2c2s −2πGkµs
αg = κ
2
+k2c2g −2πGkµg
βs = 2πGkµs and βg = 2πGkµg ,
(2.5)
where k is thewavenumber (=2π/λ), whereλ is thewavelength andω is the angular frequency
of the perturbation.
For a given set of three dimensionless parameters introduced above, we numerically
find the minimum of the dimensionless dispersion relation ω2(k)/κ2 function, and thus ob-
tain the corresponding kmin. To do this we vary the function between the wavelengths for the
minima for the gas-alone and stars-alone cases (lg =Q
2
gǫ
2/2 and ls =Q
2
s (1− ǫ)
2/2) since the
minimum of the dispersion relation will occur at a wavelength that lies between these two
values (Jog & Solomon, 1984). Then substituting this value of kmin in equation (2.3) yields the
value ofQs−g for a particular choice of values for the setQs,Qg and ǫ.
2.3.2 Non-axisymmetric case
We consider a local, non-axisymmetric linear perturbationanalysis of the galactic disk, where
the perturbation is taken to be planar. The treatment follows as in GLB for a one-component
disk, and for a two-fluid case in Jog (1992). The disk is taken to be thin for the sake of simplifi-
cation of calculation as in Jog (1992). We next introduce the sheared coordinates (x′, y ′,z ′, t ′)
defined by
x′ = x, y ′ = y −2Axt , z ′ = z, t ′ = t (2.6)
These were introduced by GLB to study the dynamics of a local patch in a differentially rotat-
ing disk. A trial solution of the form exp[i (kxx
′+ky y
′)] for the perturbed quantities including
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the density δµ is introduced. Next, we define τ (for a wavenumber ky 6= 0):
τ≡ 2At ′−kx/ky (2.7)
where x is along the initial radial direction. In the sheared frame, τ is a measure of time and
it has different zeros for each mode characterized by a different kx/ky (Jog, 1992). In each
case, τ = 0 when the wave-vector is along the radial direction. Further, δµ represents the
density variation or amplification with time in the sheared frame, while in the non-sheared
frame centered on the galactic center, it gives the density for a mode of wavenumber [ky (1+
τ2)1/2] that is sheared by an angle γ= tan−1τ with respect to the radial direction, and µ is the
unperturbed disk surface density.
Define θi , the dimensionless perturbation surface density to be
θi = δµi/µi (2.8)
Using the above trial solution and making use of the definition of τ, the linearized pertur-
bation equations for the Euler equation, continuity equation and the joint Poisson equation
combine to give the following two coupled differential equations which describe the evolu-
tion with τ in θi
(
d2θi
dτ2
)
−
(
dθi
dτ
)(
2τ
1+τ2
)
+θi
[
κ2
4A2
+
2B/A
1+τ2
+
k2y
4A2
(1+τ2)c2i
]
= (µsθs +µgθg )
(
πGky
2A2
)
(1+τ2)1/2,
(2.9)
where i = s,g correspond to stars and gas, respectively. The three terms in the parentheses
on the L.H.S describe the effect of the epicyclic motion, the sheared motion and the pressure
term.
The analogous equation for the one-fluid (say stellar case) case is obtained by setting µg = 0
in equation (2.9):
(
d2θs
dτ2
)
−
(
dθs
dτ
)(
2τ
1+τ2
)
+θs
[
κ2
4A2
+
2B/A
1+τ2
+
k2y
4A2
(1+τ2)c2s
]
−µsθs
(
πGky
2A2
)
(1+τ2)1/2 = 0.
(2.10)
Following the two-fluid approach by Jog (1992), we introduce the dimensionless parameters
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as Qs,Qg the Q factors for stars-alone and gas-alone, respectively, ǫ, the gas mass fraction
in the disk, η = 2A/Ω a measure of differential rotation in the disk, and X = λy/λcrit, where
λcrit = 4π
2G(µs+µg)/κ
2.
Using these dimensionless parameters, the above coupled equations reduce to
(
d2θs
dτ2
)
−
(
dθs
dτ
)(
2τ
1+τ2
)
+θs
[
ξ2+
2(η−2)
η(1+τ2)
+
(1+τ2)Q2s (1−ǫ)
2ξ2
4X 2
]
=
ξ2
X
(1+τ2)1/2[θs(1−ǫ)+θgǫ]
(2.11)
(
d2θg
dτ2
)
−
(
dθg
dτ
)(
2τ
1+τ2
)
+θs
[
ξ2+
2(η−2)
η(1+τ2)
+
(1+τ2)Q2gǫ
2ξ2
4X 2
]
=
ξ2
X
(1+τ2)1/2[θs(1−ǫ)+θgǫ]
,
(2.12)
where ξ2 = κ2/4A2 = 2(2−η)/η2.
Similarly, the one-fluid analog for the stars-alone case is given by
(
d2θs
dτ2
)
−
(
dθs
dτ
)(
2τ
1+τ2
)
+θs
[
ξ2+
2(η−2)
η(1+τ2)
+
(1+τ2)Q2sξ
2
4X 2
]
=
ξ2
X
θs(1+τ
2)1/2
.
(2.13)
To bring out the sole effect of non-axisymmetric perturbations,we solve the above equa-
tions in the special case when the system is stable against the axisymmetric perturbation. The
necessary condition for axisymmetric stability is (see Jog & Solomon, 1984)
(1−ǫ)
X ′{1+ [Q2s (1−ǫ)
2/4X ′2]}
+
ǫ
X ′[1+ (Q2gǫ
2/4X ′2)]
< 1 (2.14)
X ′ = λa/λcrit and λa is the wavelength of the axisymmetric perturbation. Thus, for each set
of parameters, equations (2.11) and (2.12) are to be solved while ensuring that the inequality
given by equation (2.14) is satisfied for all wavelengths ranging fromQ2gǫ
2/2 toQ2s (1−ǫ)
2/2.
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2.4 Numerical Solution
2.4.1 Input parameters
For the stellar disk and halo parameters, we assume the values obtained observationally and
bymodeling, respectively (Banerjee et al., 2010). The central surface density of the stellar disk
is obtained as 50.2 M⊙ pc
−2 and the value of the exponential disk scalelength Rd is 2.1 kpc.
This gives a radial variation of the stellar disk surface density required to calculate theQs pa-
rameters for the stellar disk. Note that this is very low, nearly a factor of 12 smaller than the
central value for the Galaxy (e.g., Narayan & Jog, 2002). For the dark matter halo, a pseudo-
isothermal density profile is obtained (see equation (2.19)), where the core radius, Rc, is ob-
tained to be 2.5 kpc and the core density ρo is 0.057 M⊙ pc
−3. The gas surface density as a
function of radius is taken from Uson &Matthews (2003, see Fig. 13 in that paper).
For the stars, the one dimensional velocity dispersion in the z-direction is taken to vary
with radius as cs = (cs)0 exp(−R/2Rd) (Banerjee et al., 2010), where(cs)0 is equal to 14.3 km
s−1 . For the solar neighborhood, it is observationally found that, the ratio of (cs)z to the ra-
dial dispersion is ∼ 0.5 (e.g., Binney & Tremaine, 1987). Here we assume the same conversion
factor for all radii in this galaxy.
Banerjee et al. (2010) found that to get the best fit to the HI scale height data, a higher
value of gas velocity dispersion is needed in the inner parts whereas a slightly lower value is
required for the outer regions of UGC 7321. Here, we assume the same values they used, thus
imposing a small gradient in the gas velocity dispersion by letting it vary linearly between 9.5
km s−1 at R = 7 kpc and 8 km s−1 at R = 12.6 kpc.
2.4.2 Solution of Equations and Results
Axisymmetric case
Based on the above input parameters, we next calculate the values of Qs and Qg at different
radii for UGC 7321. The value of κ is obtained from observed rotation curve which already
includes the effect of the dark matter halo and the gas. For a given set of values of input
parameters Qs, Qg and ǫ, we obtain the stability parameter Qs−g for a two-component disk
(see the procedure outlined in § 2.3.1). The corresponding values are given in Table 2.1.
It is clear from Table 2.1 that at all radii, the jointQs−g values are well above 1, implying
that the galaxy is highly stable against the two-fluid axisymmetric perturbations. For gas alone
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Table 2.1: Q values at different radii of UGC 7321
R/Rd ǫ Qs Qg Qs−g
(gas fraction)
1.0 0.33 4.6 9.7 3.8
1.5 0.39 4.4 6.4 3.4
2.0 0.42 4.0 5.3 3.0
2.5 0.50 4.3 5.3 3.0
3.0 0.54 5.2 6.5 3.5
3.5 0.50 6.1 11.6 4.4
4.0 0.50 7.1 15.4 5.2
case, theQ parameter is≫ 1 due to the lowgas density, and a highκwhich reflects the effect of
the dominant halo in setting the undisturbed rotational field. While the star-gas gravitational
interaction does lower the two-component values, these are still > 3 at all radii. Thus, as a
whole the galaxy is stable all the way starting from the inner part up to the very outer region.
This is opposite to the picture for a high surface brightness galaxy such as theMilkyWay. The
jointQs−g values in the inner part are close to 1 in that case, indicating that the Galactic disk
is close to onset of two-fluid axisymmetric instability (see Table 1 of Jog, 1996). Thus, it is the
dark matter halo that is dominant from the inner regions in the LSB galaxy UGC 7321 studied
here that helps to stabilize the disk against one-fluid as well as two-fluid local, axisymmetric
perturbations.
Note thatQ < 1 is routinely used as a criterion for the onset of star formation (Kennicutt,
1989). Hence, we can argue that the high values of theQ parameter even for a two-component
case, as obtained from observational input parameters for UGC 7321 indicates why the LSB
galaxies have a low star formation rate. Thus, our result confirms the previous result on the
lack of star formation by van der Hulst et al. (1993), and Uson &Matthews (2003), and puts it
on a more firm quantitative ground.
Non-axisymmetric case
We first consider a stars-alone galactic disk for which the epicyclic frequency κ is obtained
theoretically. The definition of κ at the mid-plane for a general potential Φ is defined by
(Binney & Tremaine, 1987):
κ2 =
[
∂2Φ
∂R2
+
3
R
∂Φ
∂R
]
z=0
. (2.15)
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The potential Φ(R ,0) for an exponential disk in the equatorial plane is given by (see equa-
tion (2.168) in Binney & Tremaine, 1987)
Φ(R ,0)=−πGΣ0R[I0(y)K1(y)− I1(y)K0(y)] , (2.16)
where Σ0 is the disk central surface density, y is the dimensionless quantity given by y =
R/2Rd, R being galactocentric radius and Rd being disk scalelength and In and Kn(n = 0,1)
are the modified Bessel function of the first and second kind, respectively. For this choice of
potential, equation (2.15) gives
κ2disk =
πGΣ0
Rd
[4I0K0−2I1K1+2y(I1K0− I0K1)] . (2.17)
Using this expression, we calculate theQs values for the disk treated as a stars-alone case. At
R = 3Rd which is used for illustrative purposes here, the resulting value ofQs = 1.2.
In presence of a dark matter halo, the unperturbed rotational velocity and hence κ and
hence Q are higher. This is particularly expected to be true for LSB galaxies like UGC 7321
when the dark matter dominates from the inner regions. This fact is normally not realized
since κ is obtained using the observed rotation curve which already includes the effect of the
halo.
To illustrate the effect of considering a disk in halo, we theoretically calculate the net
epicyclic frequency. In this case, the net κ2 is given by adding the values for the disk alone and
the halo in quadrature
κ2net = κ
2
disk+κ
2
halo . (2.18)
A spherical, pseudo-isothermal halo is found to give the best fit while modeling the halo pa-
rameters of UGC 7321 using the HI scale height data and observed rotation curve as simul-
taneous constraints (Banerjee et al., 2010). To keep parity with that work here also we take an
pseudo-isothermal halo as characterized by
ρ(r )=
ρ0
(1+ r 2/R2c )
, (2.19)
whereρ0 is the core density andRc is the core radius of the darkmatter halo. Using this profile
we solve the Poisson equation to obtain the potential and then converting it into standard
galactic cylindrical co-ordinates (R ,φ,z), the final expression for potential due to the dark
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matter halo is
φhalo = (4πρ0R
2
c )
[
1
2
log(R2c +R
2
+ z2)+
(
Rc
(R2+ z2)1/2
)
× tan−1
(
(R2+ z2)1/2
Rc
)
−1
]
.
(2.20)
Using this in equation (2.15) yields
κ2halo = 4πGρ0R
2
c
[ 2
R2c +R
2
+
(
R2c
R2
)
1
R2c +R
2
−
Rc
R3
tan−1
(
R
Rc
)]
. (2.21)
The value ofκnet is obtained by combining the disk and the halo contributions (equations 2.17, 2.21)
as in equation (2.18). At R = 3Rd which is used for illustrative purposes here, using this value
of κnet the resulting value of Qs = 5.0. Note that this is much higher than for the stars-alone
disk (Qs = 1.2) and this leads to suppression of swing amplification in presence of a halo as
shown in Figure 2.1.
Though the rotation curve for UGC 7321 is not perfectly flat, instead slightly rising right
after 2Rd, but for sake of simplicity of calculationwe assume a flat rotation curve for from 2Rd
for this galaxy. Hence we set η= 1 and ξ2 = 2 in equations (2.11 – 2.13) for the cases discussed
here.
Here we consider the analysis at R = 3Rd. We first consider the stars-alone case and
then solve by adding the effect of darkmatter halo as described above. This scheme is used to
check how strong is the effect of dark matter halo on the swing amplification (see Figure 2.1).
For a given set of parameters, we have to solve the second-order linear differential equa-
tion (2.13) for the one-fluid case. We treat it as a set of two coupled first order linear differ-
ential equation in θs and dθs/dτ and then solve them numerically in an iterative fashion us-
ing Fourth order Runge-Kutta with the initial values at τini , the initial value of τ. Following
Goldreich & Lynden-Bell (1965), the possible set of initial values for these two variables at τini
are (1,0) and (0,1). As the values of (θs)max andMAF(= (θs)max/(θs)ini) depend crucially on the
choice of τini (Jog, 1992), we varied both the τini and initial values of the variables simultane-
ously to get the maximum swing amplification possible for that given set of parameters.
A typical solution starting at large negative τ values shows an oscillatory behavior due to
the dominance of the pressure term. As the mode goes past the radial direction the shearing
term and the epicyclic term are in a temporary kinematical resonance, the duration of which
is enhanced due to the self-gravity of the perturbation, this gives rise to the swing amplifica-
tion as the mode swings past the radial direction (or τ = 0 in the sheared frame). At large τ
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values the pressure term dominates again. This explanation (Goldreich & Lynden-Bell, 1965;
Toomre, 1981) describes the schematic behavior of the solution seen in Figure 2.1 (top panel).
When the stars-alone disk is considered then the disk shows finite swing amplification, but
the addition of the darkmatter halo suppresses the swing amplification completely. Thus this
galaxy will not exhibit strong spiral features.
For the sake of completeness, we next also include the gas and treat the galactic disk as
a gravitationally coupled two-fluid system to make our approach more realistic. Here while
calculating the κ we use the best fit of observed rotation curve of that galaxy obtained by
Banerjee et al. (2010). This includes the effect of dark matter halo as well as stars and gas in
determining the undisturbed rotational velocity in the galactic disk. AtR = 3Rd, this givesQs=
5.2 andQg = 6.5 (see Table 2.1). Note that this value ofQs obtained from the observed rotation
curve is close to that obtained by treating a disk in a dark matter halo potential (Q=5.0), this
shows the small change due to the inclusion of gas in the real case.
Given a set of parameter values, we are to solve equations (2.11) and (2.12) simulta-
neously for the two-fluid case. These are treated as a set of four first order linear coupled
differential equations in θs, dθs/dτ, θg, and dθg/dτ and then solve themnumerically in a way
similar to what was done in Jog (1992).
From Figure (2.2) it is clear that the inclusion of gas makes hardly any impression as
there is no sign of swing amplification in both stars and gas. This is in contrast to the strong
effect of gas shown in a typical HSB galaxy (Jog, 1992). This is because of the low disk surface
density and the large dark matter content in UGC 7321, that prevents the supply of necessary
disk self-gravity to amplify the non-axisymmetric dynamical seeds. This supports a similar
conclusion byMihos et al. (1997) for the bar instabilities.
As the rotation curve forUGC7321 is not exactly flat, instead a slightly rising beyond 2Rd
(see Fig.1 of Banerjee et al., 2010) then the value of ηwill be different from1. We calculated the
value of η from observed rotation curve and found this to give η = 0.36 and re-did the above
calculation for the two-fluid case. Even the consideration of actual η value does notmake any
drastic change, hardly any swing amplification is seen for both stars and gas.
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Figure 2.1: Variation in θs = δµs/µs, the ratio of the perturbation surface density to the unper-
turbed surface density,with τ, dimensionless time in the sheared frame. The top panel shows
the stars-alone case (Qs = 1.2, η = 1, and X = 1) at the radius R = 3Rd and the lower panel
shows the case of stars in the dark matter halo (Qs = 5.0, η= 1, and X = 1) at the same radius.
The stars-alone disk shows a finite amplification, but when the stars are taken in the field of
the darkmatter halo, the amplification is almost completely damped. This is due to the higher
rotational velocity andQ values in presence of the dominant dark matter halo.
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Figure 2.2: Variation in θ = δµi/µi , the ratio of the perturbation surface density to the unper-
turbed surface density,with τ, dimensionless time in the sheared frame treating galactic disk
as a two-fluid gravitationally coupled system consisting of stars and gas in the field of the dark
matter halo at R = 3Rd. Qs = 5.2, Qg = 6.5, X = 1, η = 1 and the gas fraction ǫ= 0.54. Despite
the high gas fraction, the addition of gas does not make any drastic change, hardly any swing
amplification is seen for both stars and gas.
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2.5 Discussion
2.5.1 Weak spiral structure in LSBs and its origin
Some LSB galaxies do show spiral structure although in general it is weak and difficult to trace
( § 2.2). However, in view of the analysis in the present paper which shows a suppression of
instabilities, the surprise is that the LSB disks do show some structure at all albeit feeble. In
this section, we try to address this interesting question in terms of the amplitude of spiral
features and themechanisms that could give rise to the weak features.
A quantitativemeasurement by a modal analysis on lines of that done routinely for the
HSB galaxies for m = 2 (spiral arms or bars) or m = 1 (lopsidedness) (Rix & Zaritsky, 1995;
Bournaud et al., 2005) has not been done for the LSB galaxies. But, a visual inspection shows
the spiral features in LSBs to bemuch fainter and fragmentary than in theHSB galaxies (Mcgaugh, Schombert & Bothun,
1995; Schombert, Maciel &McGaugh, 2011). Amodal analysis for the LSBs needs to be carried
out to measure the Fourier amplitudes of the variousmodes quantitatively.
In this paper, we have focused on swing amplification as a mechanism for generation
of local spiral features. It has been shown (Toomre, 1981; Sellwood & Carlberg, 1984) that
this mechanism stops being effective for Q > 2− 2.5 or X > 3 (where X is the dimension-
less wavelength (see § 2.3.2). Beyond this range, strong swing amplification does not occur
(Binney & Tremaine, 1987). However, this does not rule out the possibility of spiral features
occurring outside this range of parameters. The disk could still support occasional, weak spi-
ral features. This is because a differentially rotating disk is always susceptible to the growth
of non-axisymmetric features due to the kinematic resonance between the epicyclic motion
and the shear, both of which have the same sense of motion. Even if the disk gravity is feeble,
this resonance could last for about dynamical time-scale (∼ 108 yr), and the resulting non-
axisymmetric feature would have a low amplitude. This could explain some of the putative
spiral features seen in LSB galaxies. If the disk self-gravity is important, then the resonance
lasts much longer and this results in a regular swing amplification process as discussed in
Toomre (1981) where the amplitude (the fractional increase in the surface density, or MAF )
will be much higher. Such high-amplitude swing amplified features are suppressed in the
LSBs due to the low disk surface density and the dominant dark matter halo as shown in this
paper.
We caution that even the LSB galaxy, UGC 7321, that we have studied, may possibly
show feeble spiral structure. It is seen edge-on with an inclination of 880 (Matthews, 2000),
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so we do not know if it would exhibit spiral structure if it were to be seen face-on. It appears
to have only nominal dust content and patchy star formation (Matthews, 2000), but both are
present at low levels, and so are not totally suppressed.
Alternatively, bars or a central oval feature can trigger a global m = 2 spiral pattern
(Binney & Tremaine, 1987), or the spiral arms could arise due to manifold-driven trajectories
in a barred potential (Athanassoula, 2012). It is interesting that the few LSB galaxies which
show a well-defined though weak spiral pattern do have this starting at the end of a bar or
an oval, as seen in F577-V1 (McGaugh et al. 1995), or in F568-1 (Fuchs, 2008). Thus such a
two-armed spiral pattern could have its origin due to the bar. The question then is what gave
rise to the bar in the first place despite the halo dominance in the LSB galaxies.
A tidal encounter could trigger short-lived spiral features in the LSB galaxies, as it does
in the HSB galaxies (e.g., Noguchi, 1987), except that disk response would be lower due to the
highQ values and hence the spiral features would be weaker.
Some authors have argued that disks in LSBs should have higher density to explain the
observed spiral features. We discuss below that the derivation of these results is problematic.
Fuchs (2008) assumes m = 2, and X = 2 as seen for high amplification (Toomre, 1981) to be
applicable, and then calculates the disk surface density and finds this to be high. We caution
that this result is only be valid for those few LSBs which have an m = 2 pattern and is not
generally applicable. Saburova (2011), and Saburova & Zasov (2013) assume the disk in the
LSBs to be in a marginal stability with Q = 1 and then use this to obtain the stellar surface
density. However, the trueQ values for the LSBs are≫ 1 (see our Table 2.1). Thus artificially
imposing a condition ofQ = 1 as done by Saburova (2011) gives a spuriously high value of the
disk surface density.
In summary, our stability analysis in this paper shows that strong spiral features are
not likely to be seen in the LSBs due to the halo dominance. However, as argued above, the
LSBs could still support weak spiral structure due to the kinematic resonance between shear
and epicyclic motion even without much help from disk self- gravity. This could explain the
presence of occasional, weak spiral structure seen in some LSB galaxies.
2.5.2 Generalization to other LSB galaxies
We have presented results pertaining to a specific LSB galaxy, UGC 7321, since the various
input parameters are known observationally for this galaxy. Generalizing the results from
this one case to all LSBs may seem a little far-fetched. However, we note that the two main
physical properties that we find to be responsible for suppression of the instabilities in this
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galaxy are the low disk surface density and the dark matter halo that is dominant from inner
regions. These two features are generally valid for all the LSBs (e.g., de Blok &McGaugh, 1996;
Bothun, Impey &McGaugh, 1997; de Blok &McGaugh, 1997). Hence, we expect our conclu-
sion about the suppression of gravitational instabilities to be valid in general for all the LSB
galaxies.
While for several LSBs, rotation curves (e.g., de Blok, McGaugh & van der Hulst, 1996)
and HI surface density (e.g., de Blok, McGaugh & van der Hulst, 1996; Pickering et al., 1997)
have been obtained, the values of velocity dispersion are not known, these are needed so that
the idea be applied to other LSBs as well.
2.6 Conclusions
To summarize, we have studied the axisymmetric and non-axisymmetric local, linear pertur-
bations for an LSB galaxy, UGC 7321, treating the galactic disk as a system of stars-alone and
then as a gravitationally coupled system of stars and gas embedded in a rigid dark matter
halo. We show that the galaxy is quite stable against both cases when the effect of the dark
matter halo is incorporated while studying its dynamics. The inclusion of the massive halo
results in a higher undisturbed rotational velocity and hence higher Q values. The low disk
surface density also contributes to a highQ value. This results in the disk being stable against
axisymmetric perturbations, and also it leads to a suppression of swing amplification of non-
axisymmetric perturbations. This can explain the lack of star formation and the absence of
strong spiral structure in this galaxy. Thus, the lowdisk surface density and the dominant dark
matter halo together have a profound effect on stabilizing the disk against both axisymmetric
and non-axisymmetric perturbations in LSB galaxies.
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3. Dwarf irregular galaxies with extended
HI gas disks: Suppression of small-scale
spiral structure by darkmatter halo 1
3.1 Abstract
Dwarf irregular galaxies with extended HI disk distributions, such as DDO 154, allow mea-
surement of rotation curves, hence deduction of dark matter halo properties to large radial
distances, up to several times the optical radius. These galaxies contain a huge reservoir of
dark matter halo, which dominates over most of disk. We study the effect of the dark matter
halo on small-scale spiral features by carrying out the local, non-axisymmetric perturbation
analysis in the disks of five such late-type, gas-rich dwarf irregular galaxies, namely, DDO 154,
NGC 3741, DDO 43, NGC 2366, and DDO 168 which host a dense and compact dark matter
halo. We show that when the gas disk is treated alone, it allows a finite swing amplification;
which would result in small-scale spiral structure in the outer gas disk, but the addition of
dark matter halo in the analysis results in a higher Toomre Q parameter which prevents the
amplification almost completely. This trend is also seen to be true in regions inside the opti-
cal radius because the dominant dark matter halo leads to higher Toomre Q values than the
gas-alone case. This implies absence of strong small-scale spiral arms in these galaxies, which
is in agreement with observations. Hence despite being gas-rich, and in fact having gas as the
main baryonic component, these galaxies cannot support small-scale spiral structure which
1Based on Ghosh & Jog, 2018, New Astronomy, 63, 38
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would otherwise have been expected in normal gas-rich galaxies.
3.2 Introduction
Dwarf galaxies are themost common type of galaxies in the Local group (Mateo, 1998; Tolstoy, Hill & Tosi,
2009). They exhibit a huge variety of properties, from gas-less dwarf elliptical galaxies to gas-
rich irregular galaxies. Dwarf irregular galaxies form a subset of dwarf galaxies, and can be
said to lie at the tail end of the Hubble sequence. They are thus late-type, gas-rich, bulge-less
galaxies. While these galaxies are still rotationally dominated, the maximum rotation veloc-
ity is small (< 60 km s−1) (Iorio et al., 2016) as compared to values for normal high surface
brightness (hereafter HSB) galaxies, like our MilkyWay.
In this paper, we focus on late-type, gas-rich, rotationally supported dwarf galaxies,
which host an extended HI gas disk. In extreme cases, it can extend up to several times the
optical radius. For example, theHI disk is extended up to 4 to 8 times the Holmberg radius in
case ofDDO154 (Carignan& Freeman, 1988) orNGC3741 (Begum, Chengalur & Karachentsev,
2005; Gentile et al., 2007) respectively; thus allowing one to model the dark matter halo pa-
rameters up to large radii in these galaxies. Overmost of the disk in these galaxies, the HI gas is
the main constituent of the baryonic mass. There is very little or no signature of molecular hy-
drogen (H2) as traced by theCO observations (Tacconi & Young, 1987; Taylor, Kobulnicky & Silkman,
1987), although it is also possible that theCO-to-H2 conversion factor in such lowmetalicities
is small, thus makingCO as a poor tracer for H2 (Ohta et al., 1993; Buyle et al., 2006). A study
by McGaugh et al. (2000) showed that for these faint galaxies, the stellar mass alone can not
account for the baryonic Tully-Fisher relation, instead one has to take account of the gasmass
in order to satisfy the baryonic Tully-Fisher relation.
Various surveys on galaxymorphology have shown that the spiral structure in disk galax-
ies can be divided into two types: small-scale, patchy or flocculent structure; or the more
regular, grand-design spiral structure (Elmegreen et al., 2011).
Surprisingly despite being gas-rich and in fact having gas as the dominant baryonic
component, the late-type dwarf irregular galaxies with extended HI disk lack strong spiral
structure (Ashman, 1992; Tolstoy, 2006). This is counter-intuitive in the sense that any gas-
rich, normalHSB galaxywould generally be expected to producemore flocculent spiral struc-
ture (e.g. see Jog, 1992). It is well-known that the spiral arms take part in the secular evolution
of disk galaxies by scattering the stars off the galactic plane (Barbanis &Woltjer, 1967) and via
angular momentum transport (Lynden-Bell & Kalnajs, 1972; Saha & Jog, 2014). Thus a lack of
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spiral structure would imply that the secular evolution of the galactic disk is hampered.
Kormendy & Freeman (2016) found a systematic trend that the dark matter halos in
dwarf galaxies have smaller core radii and denser core density as the galaxies become pro-
gressively less luminous. Following this trend, we expect that the dark matter halo would be
more important from smaller radii for low luminosity dwarf galaxies that we study here. Thus
these galaxies could be good candidates for probing the effect of dark matter halo on the dy-
namics and evolution of the baryonic disks at the far end of the Hubble sequence.
Several past studies have investigated the dynamical role of dark matter halo in disk
galaxies. Mihos et al. (1997) showed that the dominant dark matter halo prevents the global
non-axisymmetric barmode in the low surface brightness (hereafter LSB) galaxies. Debattista & Sellwood
(1998) showed that in barred galaxies the dynamical friction from a dense dark matter halo
slows down drastically the rotation speed of the bar. A study by Banerjee & Jog (2013) showed
that the superthin property of the superthin galaxies (a sub-class of LSB galaxies) is explained
by a dense, compact halo that dominates from the innermost regions. Recent study byGhosh & Jog
(2014) showed that the dominant darkmatter halo in LSB galaxiesmakes the disk rotationally
more stable, and suppresses the swing amplification process which naturally explains why
strong spiral structure is not observed in these galaxies. Even in a typical HSB galaxy like the
Milky Way, the disk by itself is close to being unstable to local axisymmetric features, thus the
dark matter halo is crucial in stabilizing such disks (Jog, 2014).
In many dwarf irregulars, the rotation curve rises all the way to the outermost point
measured (Broeils, 1992; Swaters et al., 2009); also see the appendix of Karukes& Salucci (2016).
For these galaxies, spiral structure is not expected since most of the disk displays a near solid
body rotation, and hence there is no differential rotation. But the dwarf irregular galaxieswith
extended HI disk where the rotation curve becomes flat and extends far beyond the central
region of solid body rotation, could host spiral structure since the disk does show differen-
tial rotation in these parts. Along with that, since these galaxies are extremely gas-rich, spiral
structure would normally be expected for these systems. This is at odds with the observa-
tional fact that strong small-scale spiral features are absent in these galaxies (e.g., Ashman
1992). In this paper we investigate in these galaxies whether the dominant dark matter halo
has any possible dynamical effect on suppression of spiral structure in these galaxies.
Here, we carry out the dynamical study of local non-axisymmetric perturbations in the
HI -rich dwarf irregular galaxies for which the required quantities such as HI surface den-
sity, rotation curve have been measured observationally and are available in the literature.
We choose five galaxies, namely, DDO 154, NGC 3741, DDO 43, NGC 2366 and DDO 168, and
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it turns out that each of these has a dense and compact dark matter halo. Three of these
(DDO 154, NGC 2366, IC 2574) are a part of the THINGS (The HI Nearby Galaxy Survey) sur-
vey by Walter et al. (2008), whereas DDO 43 and DDO 168 are a part of the LITTLE (Local
Irregulars That Trace Luminosity Extremes) THINGS (The HI Nearby Galaxy Survey) survey
by Hunter et al. (2012). We then investigate the influence of dark matter halo on small-scale
spiral structure as generated by swing amplification.
We find that for all the five galaxies, namely, DDO 154, NGC 3741, DDO 43, NGC 2366
and DDO 168, the dominant dark matter halo makes the ToomreQ parameter values, calcu-
lated at several radii, very high (≫ 1); which in turn prevents the swing amplification process,
and hence small-scale spiral features, almost completely. We find that suppression of strong
small-scale spiral structure by dominant dark matter halo turns out to be a generic result in
the outer parts as well as regions inside the optical disks of the dwarf irregular galaxies with
extendedHI disks. This result is due to the dense, compact darkmatter halo and the low disk
surface density which together lead to high ToomreQ values.
§ 3.3 gives the details of sample of dwarf galaxies selected and the formulation of the
problem; § 3.4 describes the input parameters for different galaxies and the results while § 3.5
and § 3.6 contain the discussion and conclusions, respectively.
3.3 Formulation of the problem
3.3.1 Sample of dwarf galaxies
Weselect five late-type dwarf irregular galaxies,namely, DDO154,NGC3741,DDO43,NGC2366
and DDO 168 in which we study the constraining influence of dominant dark halo on the for-
mation of small-scale spiral arms. Our sample galaxies have the following characteristics:
These have a large HI disk (extending to several optical radii), and in the inner regions as well
as in the outer regions the larger part of the baryonic contribution comes from HI gas, and
not stars. The galaxies are rotationally supported. We find that for these low luminosity galax-
ies, the corresponding dark matter halo is dense and compact, i.e., the central density (ρ0) is
few times 10−2 M⊙ pc
−2 and the core radius (Rc) is less than two-three times the exponential
disk scalelength (Rd). Note that, the term ‘compact’ does not imply anything about its extent.
Thus for these dwarf galaxies, the dark matter halo dominates over most of the disk. In con-
trast, for HSB galaxies like the Milky Way and M 31, the core radius (Rc) is of the order of 3–4
times the disk scalelength Rd (Banerjee & Jog, 2013).
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Also as a counter-example, we consider IC 2574, a dwarf galaxy which has an extended
HI disk but the dark matter halo has low central density and is not compact (Rc > 3Rd); a
comparisonwith the above sample helps to bring out the role of a dominant darkmatter halo
on small-scale spiral features in HI -rich dwarf irregular galaxies.
3.3.2 Non-axisymmetric perturbation : Swing amplification
The formulation of local, non-axisymmetric linear perturbation analysis of a galactic disk is
followed from Goldreich & Lynden-Bell (1965). For the sake of completeness here we only
mention the relevant assumptions and equations, for details see Goldreich & Lynden-Bell
(1965).
The galactic disk is taken to be infinitesimally thin which is embedded in a dark matter
halo, concentric to the galactic disk. For the sake of simplicity, here we treat the dark matter
halo as rigid andnon-responsive, i.e., it remains inert to the perturbationsby the galactic disk.
The perturbations are taken to be planar, and the gas disk is taken to be isothermal,
characterized by the surface density Σ and the one-dimensional velocity dispersion or the
sound speed c.
First we introduce sheared coordinates (to take account of the shear introduced by the
differential rotation of the disk) given by:
x′ = x, y ′ = y −2Axt , z ′ = z, t ′ = t (3.1)
Next we perform the linear perturbationanalysis on the Euler’s equations ofmotion, the
continuity equation, and the Poisson equation, and a trial solution of the form exp[i (kxx
′+
ky y
′)] is introduced for the independent perturbed quantities such as the perturbed surface
density δΣ. We define τ as:
τ≡ 2At ′−kx/ky , for a wavenumber ky 6= 0 (3.2)
In the sheared coordinates, τ is a measure of time, and it becomes zero when the modes be-
comes radial, i.e., where x is along the initial radial direction.
We define θ, the dimensionlessmeasure of the density perturbation as:
θ = δΣ/Σ , (3.3)
where Σ denotes the unperturbed surface density and δΣ denotes the variation in surface
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density in the sheared frame whereas in the non-sheared galactocentric frame of reference, it
denotes the density for amode of wavenumber ky (1+τ
2)1/2 that is sheared by an angle tan−1τ
with respect to the radial position. It implies that higher the value of τ, the more sheared will
be themode.
After some algebraic simplifications along with the usage of equations (3.1) and (3.2),
the perturbed equations ofmotion, the continuity equation, and the Poisson equation reduce
to (for details see Goldreich & Lynden-Bell, 1965)
(
d2θ
dτ2
)
−
(
dθ
dτ
)(
2τ
1+τ2
)
+θ
[
κ2
4A2
+
2B/A
1+τ2
+
k2yc
2
4A2
(1+τ2)−Σ
(
πGky
2A2
)
(1+τ2)1/2
]
= 0. (3.4)
where κ is the local epicyclic frequency and A, B are the Oort constants (for definitions, see
Chapter 1).
The four termswithin the square brackets of equation (3.4) are due to the epicyclic mo-
tion, the unperturbed shear flow, the gas pressure, and the self-gravity, respectively.
The systematic behavior of θ is as follows:
When τ is large, the pressure term dominates over other terms, and hence the solution
will be oscillatory in nature, but when τ is small the epicyclic motion term and the unper-
turbed shear flow dominate over the pressure term and they cancel each other completely
for a flat rotation curve, thus resulting in setting up a kinematic resonance. In addition, if
the self-gravity term dominates over the pressure term then the duration of kinematic reso-
nance increases and themodeundergoes a swing amplificationwhile evolving from radial po-
sition (τ= 0) to trailing position (τ> 0) (for details seeGoldreich & Lynden-Bell, 1965; Toomre,
1981).
Nowwe introduce three dimensionless parameters,namely, ToomreQ parameter (Toomre,
1964) = κc/πGΣwhere c is the velocity dispersion, η (= 2A/Ω) which denotes the logarithmic
shearing rate and X = (λy/λcrit), where λcrit(= 4π
2GΣ/κ2) is the critical wavelength for growth
of instabilities in a one-fluid disk supported purely by rotation.
Putting these quantities in equation (3.4), we finally get the evolution of θ with τ as
(
d2θ
dτ2
)
−
(
dθ
dτ
)(
2τ
1+τ2
)
+θ
[
ξ2+
2(η−2)
η(1+τ2)
+
(1+τ2)Q2ξ2
4X 2
−
ξ2
X
(1+τ2)1/2
]
= 0, (3.5)
where ξ2 = κ2/4A2 = 2(2−η)/η2.
For a given set of parameter values we solve equation (3.5) numerically by fourth-order
Runge-Kutta method while treating equation (3.5) as two coupled, first–order linear differen-
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Table 3.1: Input parameters for the sample galaxies
galaxy RC ref. Σstar Mgas Rd RHI/Rd ρ0 Rc
(M⊙ pc
−2) (×108 M⊙) (kpc) (M⊙ pc
−3) (kpc)
DDO 154 (1) 5.7a 3.6e 0.8a 8.5 j 0.028b 1.34b
NGC 3741 (2) 2.7d 1.7c 0.9d 13.1d 0.078d 0.7d
DDO 43 (4) - 2.3h 0.43 f 9.1m 0.033h 0.94h
NGC 2366 (3) 10.5b 6.5e 0.5b 13.6 j 0.035b 1.36b
DDO 168 (5) 21.2i 2.6g 0.66h 11.7k 0.039h 2.8h
∗IC 2574 (3) 24.6a 14.8e 2.1a 4.4 j 0.004b 7.23b
Σstar
denotes the central stellar surface density and Mgas denotes the total gas mass of the galaxy.
RHI and Rd denote the extent of the HI disk and the disk scalelength, respectively. ρ0 is the
core density and Rc is the core radius of the dark matter halo.
∗IC 2574 is used as an counter-example, as it has a non-dense and non-compact dark matter
halo.
Rotation curve (RC) refs: (1)-de Blok et al. (2008);(2)-Begum, Chengalur & Karachentsev
(2005); (3)-Oh et al. (2008); (4)-Oh et al. (2015); (5)-Johnson et al. (2015).
Other parameter refs.: (a)-Leroy et al. (2008); (b)-de Blok et al. (2008); (c)-Begum et al.
(2008); (d)-Begum, Chengalur & Karachentsev (2005); (e)-Walter et al. (2008); (f)-
Hunter & Elmegreen (2004); (g)-Hunter et al. (2012);(h)-Oh et al. (2015);(i)-Johnson et al.
(2015); (j)-Bagetakos et al. (2011); (k)-Broeils (1992); (l)-Oh et al. (2008); (m)-
Simpson, Hunter & Nordgren (2005).
tial equations in θ and dθ/dτ (for details see Jog, 1992).
3.4 Results
In this sectionwe present results of the swing amplification at different radii for the five galax-
ies considered here. First we give the sources from which we obtained the observed values of
the required parameters such as the rotation curve, surface density etc.; as well as the halo
model parameters. These values are listed in Table 3.1 (for detailed description see text in
§ 3.4.1). For the sake of consistency, we choose the halo parameters which are obtained by
fitting a pseudo-isothermal density profile as given in the cited references.
We clarify that for any individual galaxy, although various parameters for stellar, gas and
dark matter halo are taken from different papers (as given below), the observational data-
set used in those papers are the same. Therefore, these parameters are internally consistent
for each individual galaxy. For example, de Blok et al. (2008) gives the values of dark matter
halo parameters and Leroy et al. (2008) gives the values of stellar parameters for DDO 154,
although both of them use the same THINGS data.
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3.4.1 Input parameters
DDO 154: The rotation curve is taken from de Blok et al. (2008). The stellar parameters Σ0
(central surface density) and exponential scalelength (Rd) are taken from Leroy et al. (2008)
whereas the dark matter halo parameters are taken from de Blok et al. (2008). We use the
HI surface density distribution and a constant value for the gas velocity dispersion (8 km s−1)
from themaps given inWalter et al. (2008). The extent ofHI disk is taken fromBagetakos et al.
(2011).
NGC 3741: The rotation curve, stellar parameters and the dark matter halo parameters
are taken from Begum, Chengalur & Karachentsev (2005) whereas the gas mass and the gas
velocity dispersion value are taken from Begum et al. (2008). The extent of HI disk is taken
from Begum, Chengalur & Karachentsev (2005).
DDO 43: The rotation curve is taken from Oh et al. (2015). The disk scalelength is from
Hunter & Elmegreen (2004). The HI surface density, surface density and the total amount of
HI gas and the dark matter halo parameters are given by Oh et al. (2015). Note that, since
Oh et al. (2015) did not consider stellar component (as it is very small) and carried out the
massmodeling from the rotation curve, therefore, for internal consistency,we donot consider
the stellar component. We assumed a constant HI velocity dispersion of 8 km s−1, typical of
what we found for other dwarf galaxies in this sample. The extent of HI disk is taken from
Simpson, Hunter & Nordgren (2005).
NGC2366: The rotation curve and the stellar parameters (Σ0, Rd) are taken fromOh et al.
(2008) whereas the darkmatter halo parameters are from de Blok et al. (2008). TheHI surface
density distribution and a constant value for the gas velocity dispersion (9 km s−1) are taken
from themaps given inWalter et al. (2008). The extent ofHI disk is taken fromBagetakos et al.
(2011).
DDO 168: The rotation curve, the component-wise decomposition, stellarmass and the
average gas velocity dispersion are taken from Johnson et al. (2015) whereas the disk scale-
length is taken from Hunter & Elmegreen (2004). The dark matter halo parameters are taken
from Oh et al. (2015). The HI surface density is taken from LITTLE THINGS by Hunter et al.
(2012). The extent of HI disk is taken from Broeils (1992).
IC 2574: The rotation curve is taken fromOh et al. (2008). We take the stellar parameters
from Leroy et al. (2008) and the dark matter halo parameters from de Blok et al. (2008). The
HI surface density distribution and a constant value for the gas velocity dispersion (7 km s−1)
are taken from the maps given in Walter et al. (2008). The extent of HI disk is taken from
Bagetakos et al. (2011).
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There are other isolated, dwarf galaxies, e.g. DDO 170 (Lake, Schommer & van Gorkom ,
1990), DDO 46 (Oh et al., 2015) which could be good candidates for our study since these have
dense and compact halo, however all the parameters are not known observationally; hence
this restricts us to consider the above sample of five galaxies.
3.4.2 Effect of darkmatter halo : suppression of swing amplification
Before going into the details of the result we point out that for the radii considered here, the
rotation curve is assumed to be flat and thus η = 1 is used for all cases. Also we use X = 1 for all
cases. The assumptionof flat rotation curve is reasonablywell justified formost of the regions
of interest in the galaxies we considered here.
The dependence of our finding with different values of η is studied later in this paper
(see § 3.4.3 ).
Since the disk scalelength is different for these galaxies, and the observational data-
points for the rotation curve and surface densities of stellar and gas are available for different
ranges of radii, therefore maintaining exact uniformity in selecting radii is not possible. We
point out that, at the radii chosen, the larger contribution to the baryonic mass is due to HI
and not stars. Hence, the one-component treatment outlined in § 3.3.2 is valid.
Also note that we have used the stellar disk scalelength, Rd, as a measure of spatial size
as is the usual practice in dynamical studies of galaxies, even though themain baryonic com-
ponent of the disk is HI gas. Similarly, following the usual practice, we have given HI extent
in terms of stellar disk scalelength, Rd (Table 3.1).
DDO 154
Keeping the criteria as given in § 3.4.2, we choose three radii, namely, 4 Rd, 5 Rd, and 6 Rd. At
these radii, the surface density values for HI (ΣHI ) are 3.9, 3, and 2.1 M⊙ pc
−2, respectively
(Walter et al., 2008). The Holmberg radius (RHo) for this galaxy is 2.1 Rd.
Now we investigate the role of dominant dark matter halo using the following prescrip-
tion:
Using the rotation curve calculated from observed gas surface density values (as done in e.g.
Carignan & Freeman (1988)) and assuming a flat rotation curve (as mentioned in § 3.4.2) we
calculate κ for gas-alone case and then use it to calculate the ToomreQ value. Then we take
the observed net rotation curve (also being flat, but with a higher value for the rotation veloc-
ity than for gas-alone case) which also includes the contribution of the dark matter halo (see
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de Blok et al., 2008) to calculate κ and the corresponding ToomreQ value. Then for these two
ToomreQ values, we separately solve equation (3.5) for these two cases. This procedure will
tell us whether dark matter halo plays a significant role in suppressing small-scale spiral fea-
tures generated through the swing amplificationmechanism. We choose 6 Rd for this detailed
analysis and we find thatQ = 1.3 when the gas-alone contribution is taken andQ = 3.8 when
the net rotation curve is used for calculating κ. The resulting swing amplification is shown in
Fig. 3.1.
From Fig. 3.1 it is clear that when only gas in the disk is considered, the system shows a
finite swing amplification; which indicates that small-scale spiral structure is possible in the
gas-alone system, but when we also include the dark matter halo in the system, the net Q
value is higher, and this almost completely suppresses the swing amplification, thus prevent-
ing the system fromdisplaying small-scale spiral features. For the other radii, namely, R = 4Rd
and R = 5Rd, we got a similar behavior, i.e., the gas-alone system allows a finite growth of the
non-axisymmetric perturbations, but the addition of dark matter halo prevents the growth of
the perturbations. Therefore, for these two radii, we do not show any figure.
Thus the suppression of swing amplification and hence strong small-scale spiral arms
by the dominant dark matter halo turns out to be a general result for the radii we considered
for DDO 154. This trend also continues well inside the optical radius (see § 3.4.4).
NGC 3741
We choose four radii, namely, 2.5 Rd, 3 Rd, 3.5 Rd, and 4 Rd. At these radii, the surface density
values for HI (ΣHI ) are 2.5, 1.5, 1, 0.5M⊙ pc
−2, respectively (Begum et al., 2008). Note that the
rotation curve ofHI disk ismeasured up to 8.3 Rd (see fig. 1 in Begum, Chengalur & Karachentsev,
2005), but theHI surface density data is limited to 4.5Rd (see fig. 5 in Begum et al., 2008), thus
restricting us to the above range chosen. The Holmberg radius (RHo) for this galaxy is 1.6 Rd.
At R = 2.5 Rd, when the contribution of only gas to the rotation curve is taken into ac-
count, the Toomre Q value is calculated to be 1.5, whereas by considering the net rotation
curve we got the ToomreQ value as 5.3. The resulting swing amplification is shown in Fig. 3.2.
From Fig. 3.2 we see that gas-alone case allows a finite amplification in the perturbed
gas surface density, but the addition of dark matter halo suppresses the amplification almost
completely, thus indicating that small-scale spiral structure will be suppressed. For other
three radii, namely 3 Rd, 3.5 Rd, and 4 Rd, when the net rotation curve (which represents the
real galaxy) is used, the Toomre Q values are found to be even higher, namely 8.3, 10.9 and
19.7, respectively. We checked that the values are too high to produce finite swing amplifica-
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Figure 3.1: DDO 154: Variation in δΣg/Σg, the ratio of the perturbed gas surface density to the
unperturbed gas surface density plotted as a function of τ, dimensionless measure of time
in the sheared frame, at R = 6 Rd. (a) For the gas-alone case (Q = 1.3) while (b) is for the gas
plus dark matter halo case (Q = 3.8). While the gas-alone case shows finite amplification,
the inclusion of the dark matter prevents the amplification, which would thus prevent the
occurrence of strong small-scale spiral features.
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tion. Therefore, darkmatter halo is found to have a pivotal role in suppressing the small-scale
spiral features at radii we considered for this galaxy. However, a weak spiral arm can be per-
mitted in the disk (for details see discussion in § 3.5.1). This trend also continues well inside
the optical radius (see § 3.4.4).
DDO 43
We choose three radii, namely, 6 Rd, 7 Rd, and 8 Rd. At these radii, the surface density values
for HI (ΣHI ) are 5, 3, and 2.5 M⊙ pc
−2, respectively (Oh et al., 2015). The Holmberg radius
(RHo) for this galaxy is 4.1 Rd.
Following the same technique as mentioned in § 3.4.2, we calculated the ToomreQ pa-
rameter, first for the gas-alone case, and then for the gas plus dark matter halo case. For illus-
tration purpose, we present the analysis for R = 7Rd. At this radius, we solve equation (3.5) by
using the ToomreQ parameter for both gas-alone and gas plus darkmatter halo cases. This is
shown in Fig. 3.3. We find that, the gas-alone case allows finite swing amplification, but when
the contribution of dark matter is taken into account, it completely damps the amplification
that was earlier present in the gas disk.
For the other radii, namely, 6 Rd and 8 Rd, we found the same trend as was seen for 7
Rd, therefore, we do not present any figure for these cases. Hence, for this galaxy also, the
dominant dark matter halo prevents the small-scale spiral structure at radii considered here.
The role of darkmatter on preventing the small-scale spiral arms in the regionswell inside the
optical disk is discussed in § 3.4.4.
NGC 2366
We choose four radii, namely, 6 Rd, 7 Rd, 8 Rd and 10 Rd. At these radii, the surface density
values for HI (ΣHI ) are 7.6, 6.7, 4.9, and 2.8 M⊙ pc
−2, respectively (Walter et al., 2008). For
all these radii we obtained the values of Toomre Q parameter, and they are 2, 1.9, 2.4, and
3.4, respectively, by using the net observed rotation curve which includes the contributions
of gas and dark matter halo. We did not find finite swing amplification at these four radii
considered here. Thus darkmatter turns out to be the key factor in preventing the small-scale
spiral structure.
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Figure 3.2: NGC 3741: Variation in δΣg/Σg, the ratio of the perturbed gas surface density to
the unperturbedgas surface density plotted as a function of τ, dimensionlessmeasure of time
in the sheared frame, at R = 2.5 Rd. (a) For the gas-alone case (Q = 1.5) while (b) is for the gas
plus dark matter halo case (Q = 5.3). While the gas-alone case shows finite amplification, the
inclusion of the dark matter halo prevents the amplification, which would thus suppress the
occurrence of strong small-scale spiral features.
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Figure 3.3: DDO 43: Variation in δΣg/Σg, the ratio of the perturbed gas surface density to the
unperturbed gas surface density plotted as a function of τ, dimensionless measure of time
in the sheared frame, at R = 7 Rd. (a) For the gas-alone case (Q = 1.5) while (b) is for the gas
plus dark matter halo case (Q = 3.1). While the gas-alone case shows finite amplification,
the inclusion of dark matter halo prevents the amplification, which would thus suppress the
occurrence of strong small-scale spiral features.
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DDO 168
We choose three radii, namely, 3.5 Rd, 4 Rd, and 5 Rd. The HI surface density (ΣHI ) at these
radii are 2.6, 1.3, and 1M⊙ pc
−2, respectively (Hunter et al., 2012). TheHolmberg radius (RHo)
for this galaxy is 4.2 Rd.
The values of ToomreQ parameter for gas-alone case are calculated to be 3.7, 6.5, and
6.6, respectively. Then we calculated the values of ToomreQ parameter for the gas plus dark
matter halo case, and the values are 11.4, 20.4, and 19.8, respectively.
We see that the ToomreQ values are very high in both the gas-alone and gas plus dark
matter halo cases as compared to the other galaxies. Note that, for this galaxy, the value of κ
is higher than the other cases and the HI velocity dispersion (11 km s−1) is also a bit higher
( 7-8 km s−1 being typical values) than the other galaxies. Also, theHI surface density is lower
than the other galaxies considered. Thus all factors comprise to produce very high values of
Toomre Q parameter. We did not find any amplification at all at these radii. While the gas-
alone case does not allow any swing amplification, the inclusion of dark matter in the system
completely rules out any possibility for the system to host small-scale spiral structure at radii
that we considered here. The role of dark matter and the low disk surface density on prevent-
ing the small-scale spiral features in the regions well inside the optical disk is discussed in
§ 3.4.4.
3.4.3 Variationwithη –departure fromtheassumptionof flat rotation curve
So far we have considered only flat rotation curvewhich corresponds to η= 1. We note that for
the galaxies considered here, sometimes the rotation curves are not strictly flat in the regions
where we have carried out the analysis of swing amplification, e.g., see the rotation curve
of DDO 43 in Oh et al. (2015) which is not strictly flat, but is slowly rising at radii which we
have considered here. We calculated the actual value of η from the observed rotation curve of
DDO 43 at R = 7Rd, and the value of η turned out to be ∼ 0.6. This indicates a departure from
the flat rotation curve assumption.
Here in this section, we study the dependence of our finding on the variation of the
parameter η.
The parameter η as defined earlier in § 3.3.2 can be expressed in detail as
η=
2A
Ω
=
1
Ω
[
vc
R
−
dvc
dR
]
(3.6)
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Figure 3.4: DDO 43: The evolution of δΣg/Σg, the ratio of the perturbed gas surface density to
the unperturbedgas surface density plotted as a function of τ, dimensionlessmeasure of time
in the sheared frame at R = 7 Rd (Q = 3.1), with η= 1.2 and 0.6, along with the standard case of
η = 1. The suppression of small-scale spiral features by dominant dark matter halo remains
unchanged with the variation of η (for details see text).
where vc denotes the circular velocity at radius R .
Therefore, η > 1 and η < 1 would imply a falling rotation curve and a rising rotation
curve, respectively. For illustration purpose we choose R = 7Rd of DDO 43 where the Toomre
Q value for gas plus dark matter halo system is found to be 3.1. Then we carry out the swing
amplification analysis with η= 0.6,0.8,1.2. The results for swing amplifications for η= 1.2 and
η= 0.6 , along with η= 1 are shown in Fig 3.4.
From Fig. 3.4 it is clear that for η= 1.2 and η= 0.6, the corresponding solutions obtained
from equation (3.5) remains indistinguishable from that obtained for η = 1. Therefore, even
if the rotation curve is either slightly falling or rising, the main finding of this paper remains
unchanged. In other words, if for a radius R and for η = 1, the dominant dark matter halo is
found to suppress the small-scale spiral features, the same will also hold for η> 1 and η< 1.
The general trend of change in swing amplification for different η values is as follows:
For η < 1 (i.e. for rising rotation curve), the pressure term stops the growth of the pertur-
bations at an early epoch and hence would result in more open spiral structure, and for
η > 1 (i.e. for falling rotation curve) the effect will be opposite to the case for η < 1 (e.g., see
Goldreich & Lynden-Bell, 1965; Jog, 1992).
Here, the ToomreQ value is so high that the systemwill not be able to support any swing
amplification, and hence the issue of relative openness of the spiral structure (as generated
by swing amplification) will appear for this work. Thus, variation of η has little impact on the
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main finding of this paper. The high Toomre Q values effectively damp swing amplification
for any of the η values considered here.
3.4.4 Suppression of spiral structure at all radii– a generic trend ?
So far, we showed the effect of darkmatter halo on suppressionof the strong small-scale spiral
features at some radii for each galaxy considered. The set of radii we chose for the calculation
of swing amplification lie all outside the optical disk of the respective galaxies. Hence, the
question remains whether this effect of dark matter halo on prevention of strong small-scale
spiral structure is strictly valid only in the outer disks or this trend also holds true for regions
well inside the optical disk?
To address this question, in this section we calculated the ToomreQ parameter for gas-
alone case (κ for only the gas component) and gas plus darkmatter halo (κ from the observed
rotation curve) for a wide range of radii, ranging from the very inner regions to the outermost
possible region. This is shown in Figure (3.5).
We point out that, here we relaxed the assumptionof flat rotation (used in Section 3.2 to
calculate κ), and calculated the κ values from the observed rotation curve using the standard
definition κ2 =−4B(A−B), where A, B are Oort constants. When calculating the radial varia-
tion ofQ, it is necessary to take account of κ as dictated by the observed rotation curve. This
difference in calculating κ will give the ToomreQ values slightly different in these two cases.
However, we checked that this difference is small, and will not alter the findings presented in
the earlier subsections.
The dashed horizontal line in each case denoted Q = 2, which is taken to indicate the
threshold so thatQ < 2 permits swing amplificationwhile it is damped forQ > 2, as is typically
done (e.g. Toomre, 1981). However we caution that Q = 2 is an indicator but not a rigorous
cut-off : Toomre (1981) showed that for disks with flat rotation curve, 1≤ X ≤ 3 andQ ≤ 2 are
the necessary and sufficient condition for swing amplification factors ofmore than a few (also
see Binney & Tremaine, 1987). However, we point out that the rotation curves of these dwarf
galaxies are not strictly flat, therefore the above condition will not be exactly valid.
The vertical dashed line denotes the Holmberg radius, RHo in each case. We show next
that the dark matter damps swing amplification even at radii inside of the optical radius in
most cases.
We note that even in the very inner regions of the most of our sample galaxies, the gas
surface density dominates the baryonic component.
Here, we summarize the main results that we found from the study of the variation of
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Figure 3.5: ToomreQ parameter for gas-alone and gas plus dark matter halo case, plotted as a
function of radius for galaxies DDO 154, DDO 43, NGC 3741, and DDO 168. The vertical line
shown in each plot indicates the Holmberg radius (RHo) which denotes the optical extent for
each galaxy. The horizontal dashed line indicates Q = 2 for each case which is taken to sep-
arate the region which allows swing amplification (Q < 2) from region where it is suppressed
(Q > 2). The vertical dashed line denotes the Holmberg radius in each case. Thus, this fig-
ure shows that the dark matter suppresses swing amplification at all radii, even inside of the
optical radius in each case.
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ToomreQ parameter as a function of radius, for each galaxy.
DDO 154 : The Toomre Q parameter for the gas-alone case turned out to be less than
Q = 2, for all radii shown in Figure (3.5), thus indicating that the gas disk is able to support
the small-scale spiral features even within the optical disk. But the addition of dark matter
produces a larger value of Toomre Q parameter (Q ∼ 4 being the typical values), and hence
the system will no longer be able to produce the strong small-scale spiral features generated
via swing amplificationmechanism at all radii, even inside of the optical radius, RHo.
DDO 43 : Here also for the gas-alone case, the values of Toomre Q parameter are less
than Q = 2 up to R = 6.5Rd which also includes the optical disk and hence the system can
display small-scale spiral structure. The addition of dark matter in the calculation increases
the values of ToomreQ parameter (see Figure (3.5)), thus the suppressing effect of darkmatter
halo on local spiral structure is seen at all radii.
NGC 3741 : The Toomre Q parameter for the gas-alone case rises gradually to Q ∼ 4 in
the outermost point considered here. The additionof darkmattermakes the values of Toomre
Q parameter as high as 11 (a factor of ∼ 3 increment in Toomre Q value) in the outer part
(see Figure (3.5)). As indicated by the ToomreQ for gas-alone case in the regions outside the
optical disk, the gas disk still may display someweak small-scale spiral structure, the addition
of dark matter rules out the possibility of having small-scale spiral features (but also see the
§ 3.5.1). Again, the suppressing effect of dark matter halo on local spiral structure is seen at
all radii, even inside of the optical radius, RHo.
DDO 168 : The Toomre Q parameter is found to be greater than Q = 2 for all radii.
The addition of dark matter makes the ToomreQ parameter as high as Q ∼ 21 in some radii.
Hence, even though someweak small-scale spiral structure is possible to exist in the gas disk,
the dominant darkmatter completely rules out the possibility of having small-scale structure.
Also, we note that the low disk surface density is another simultaneous possible reason (along
with dominant dark matter halo) for not supporting any strong small-scale spiral features in
the disk, as indicated by higher values of ToomreQ parameter for gas-alone case.
Thus, we have shown that dark matter halo plays a vital role in preventing the strong
small-scale spiral features in the outer disk as well as regions inside the optical disk. Also, for
some cases, we found that the low disk surface density plays an important role along with
the dark matter halo to prevent the small-scale spiral structure (e.g see cases of DDO 168 and
NGC 3741 in Figure (3.5)).
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3.4.5 A counter-example : IC 2574
From Table 3.1, it is clear that the dark matter halo parameters for IC 2574 are quite different
from the rest of the sample galaxies, i.e., it has a dark matter halo which is not dense and not
compact. We point out that in the inner part (R ≤ 5 kpc) of this galaxy, baryons (stars and gas)
are able to produce the observed rotation curve and only in the outer parts dark matter halo
contribution takes over (for details see fig.21 inOh et al., 2008). This is in a sharp contrast with
the other galaxies in our sample where the dark matter halo is found to dominate from the
innermost region. Therefore it is interesting to investigate the role of the dark matter halo on
swing amplification process in such a different situation. We choose three radii, namely, 3 Rd,
3.5 Rd, and 4 Rd. At these radii, the surface density values for HI (ΣHI ) are 8, 6.5, and 4.9 M⊙
pc−2, respectively (Walter et al., 2008). The ToomreQ values for the gas plus dark matter halo
case at radii 3 Rd and 3.5 Rd turn out to be less thanone, indicating that the gas disk is unstable
against the local axisymmetric perturbation and also is likely to host strong small-scale spiral
structure. We note that the maximum rotation velocity is similar to those other galaxies, but
due to a larger value of Rd, positions of 3Rd and 3.5 Rd are further out as compared to the
other galaxies, implying a lower value of κ (as for a flat rotation curve κ inversely proportional
to the radius R); combinations of all these yield such a low value for ToomreQ. At R = 4 Rd,Q
is found to be 1.2, and it allows the system to have a finite swing amplification. This is shown
is Figure 3.6.
Thus for IC 2574, where the dark matter halo does not dominate from the innermost
radii, we find that the galaxy is likely to host small-scale spiral features. This could explain
the spiral structure seen in IC 2574 which becomes visible when long exposure time is used
(de Vaucouleurs & de Vaucouleurs, 1964).
3.5 Discussion
3.5.1 Occasional presence of spiral arms
Our present analysis clearly shows that the dominant dark matter halo prevents almost com-
pletely the small-scale spiral structure by making the swing amplification process inefficient.
However we note that one of our sample galaxies, namely, NGC 3741 shows a spiral arm in the
disk, albeit it is faint and so in view of the results in our paper, its origin remains a puzzle.
Wepoint out that the swing amplification process stops being effectivewhenQ is greater
than 2.5 and value of X being greater than 3 (Toomre, 1981; Sellwood & Carlberg, 1984) and
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Figure 3.6: IC 2574: variation in θg = δΣg/Σg, the ratio of the perturbed gas surface density
to the unperturbed gas surface density plotted as a function of τ, dimensionless measure of
time in the sheared frame at R = 4 Rd (Q = 1.2). The Toomre Q value is calculated by taking
the contributions of both gas and darkmatter halo. The disk still allows a finite amplification,
thus resulting in small-scale spiral features.
outside this range of parameter values the amplificationwill not be very strong (Binney& Tremaine,
1987). However it does not necessarily nullify the possibility of having occasional spiral fea-
tures, as say triggered by tidal encounters (Toomre& Toomre, 1972; Binney & Tremaine, 1987).
The disk still can support occasional small-scale features although the higher values ofQ in-
dicate that the response of the disk will not be very strong, thus making the spiral features
weak (for a detailed discussion, see § 4.1 in Ghosh & Jog, 2014).
Some dwarf galaxies, which are not included in our sample, also show spiral structure.
For example, the rotation curve decompositionofUGC2259 shows that the behavior is typical
of HSB galaxies (see fig.9 in Carignan, Sancisi & van Albada, 1988). It shows a grand-design
spiral structure, although faint: it is interesting to see that galaxies with such low luminosity
(MB ∼ -16) are still susceptible to spiral instabilities (for detaileddiscussion see § 5 in Ashman,
1992).
Also we caution the reader that here we are concerned about only late-type dwarf ir-
regular galaxies which are rotationally supported. Some of the early-type dwarf galaxies do
show some spiral features (e.g., see Jerjen et al., 2000; Graham et al., 2003; Lisker et al. , 2009),
but those are largely pressure-supported, and not rotationally-supported. Hence, they are
dynamically different from the ones we consider in this paper.
Secondly note that two of our sample galaxies host a bar, e.g, DDO 154 and NGC 3741.
However, themeasured pattern speed of the bar is low, as in NGC 3741 (Banerjee et al., 2013).
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This could be because of the dynamical friction due the dark matter halo which slows down
the rotation speed of the bar significantly, as proposed by Debattista & Sellwood (1998). Bars
can excite the transient spiral arms in the disk and it can heat up the disk aswell, aswas shown
for HSB galaxies (Saha, Tseng & Taam, 2010). The present paper shows that even when a bar
exists, it seems unable to trigger strong spiral arms in our sample galaxies, perhaps these are
suppressed by the the dominant, dense and compact dark matter halo.
3.5.2 Other issues
Here we mention a few other points regarding this work.
First of all, galaxieswith highly extendedHI distributionswhich aremainly studied here
are not too common (Begum, Chengalur & Karachentsev, 2005), however so far no systematic
study seems to have been done in the literature to see how common such galaxies are. Such a
study ( Faint Irregular Galaxies GMRT survey 2 – FIGGS2) has now been started by Patra et al.
(2016). Therefore, an important question is: whether our finding is valid only for those dwarf
irregular galaxies with extremely large HI disks, or can it also be applicable to more typical
dwarf irregular galaxies with moderately extended HI disks?
In order to address this issue, it should first be noted that the size of HI disk present in a
galaxy sensitively depends on the limitingHI column density, as the latter sets the limit up to
which one can trace theHI extent. For example, inNGC 3741, themeasurementwere done to
the limiting HI column density of 1019 cm2, while for DDO 154, NGC 2366 and IC 2574 taken
from the THINGS sample (Walter et al., 2008), the limiting value is typically 4 × 1019 cm−2.
For LITTLE THINGS (fromwhich DDO 168, DDO 43 are taken), in some of their samples (e.g.,
DDO 126, DDO 155)HI columndensity is measured as low as a few times 1017 cm−2(see fig. 5
in Hunter et al., 2012). For a detailed discussion of the size of the HI disk see section 12.2 in
Giovanelli & Haynes (1988). This choice affects the value of the outermost radius to which HI
is detected (see Table 3.1).
Further, in typical HSB galaxies, the optical radius is about 4–5 times the disk scalelength
(Binney &Merrifield, 1998). This follows from the fact that the central luminosity is nearly
constant and the outer limit is set by the limiting magnitude of 26.5 mag arcsec−2 (see e.g.
van der Kruit & Searle, 1981); also for a detaileddiscussion seeNarayan & Jog (2003). However
in the dwarf irregular galaxies, the ratio can vary from 1 to 5 (Swaters, 1999). The reason is
that the central value could be much lower while the outer limitingmagnitude set by the sky
brightness remains the same. Swaters (1999) showed that the ratio of the radial HI extent to
the optical size in dwarf irregular galaxies is∼1.8 similar to the ratio of∼ 1.5 for larger galaxies.
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We checked from the references used in Table 3.1 that, the ratio RHI /RHo for DDO 154 and
NGC 3741 is 4 and 8.3, respectively. For the other galaxies, namely, NGC 2366, DDO 43, and
DDO 168, this ratio is 2.3, 2.2, and 2.8, respectively.
However, even the dwarfs that do not have very extended HI distributions, have a high
M/L ratio of ∼ 10 (e.g. see Cote, Carignan & Freeman, 2000). Some of these dwarf galaxies do
have a dense, compact halo (e.g., UGCA 442) where the dark matter halo dominates the rota-
tion curve even at the inner radii. Thus themain result from this paper, namely, the dominant
dark matter halo suppressing the generation of strong, small-scale spiral structure via swing
amplification, is also valid for a much larger number of dwarf galaxies than the prototypical
galaxies like DDO 154 and NGC 3741 that we have highlighted in our work. However, the ra-
dial distance over which the dark matter halo dominates is not so large unlike the sample we
have studied, so the cushioning influence of the dark matter halo in preventing spiral struc-
ture, and resultant galaxy evolution, would not be as strong as in the case of sample galaxies
studied in our work.
We note that there are many other dwarf galaxies which have a lower density, non-
compact halo (with Rc/Rd > 3), such as the counter-example IC 2574 considered here, or HO
II (see e.g. Banerjee & Jog, 2013). The dark matter halo in such galaxies is likely to play little
role in the spiral structure formation in these.
Secondly, in any late-type galaxy stars and gas co-exist, and hence a more realistic ap-
proach would be to model the galactic disk as a gravitationally coupled two-fluid system and
then do the non-axisymmetric perturbation analysis (as done in Jog, 1992). For the radii that
we have considered here, HI surface density greatly dominates over stars, e.g., for DDO 154,
at R = 6 Rd, the stellar surface density is 0.015 M⊙ pc
−2 as compared to a HI surface density
of 2.1 M⊙ pc
−2. Therefore the system effectively reduces to a one-component system. This
justifies our use of one-component formalism in § 3.3.2.
3.6 Conclusion
In summary,we have carried out a local, non-axisymmetric perturbation analysis for a sample
of five late-type dwarf irregular galaxies with extended HI disks, and which have a dense and
compact dark matter halo. We show that when the gas disk is treated as an isolated system
(with no darkmatter included), the disk allows the growth of non-axisymmetricperturbations
via swing amplification,but the addition of a dominant darkmatter halo in the analysis results
in a higher rotational velocity and hence a higher Toomre Q parameter which prevents the
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amplification almost completely. We further calculated the values of Toomre Q parameter
for a wide range of radii for these galaxies and showed that even in the regions inside the
optical radius, the dominant dark matter halo yields higher Toomre Q values than the gas-
alone case. This naturally explains why these galaxies do not generally show strong small-
scale spiral features despite being gas-rich.
This suppression of spiral features inhibits further dynamical evolution, thatwould oth-
erwise have been expected via angularmomentum transport due to spiral features (see § 3.2).
This could be of interest in understandingearly galaxy evolution, since in the hierarchical sce-
nario of galaxy formation the smaller galaxies form first and then merge to form larger galax-
ies. The dwarf irregular galaxies, being small, low-metalicity, gas-rich systems; are believed
to be the present-day analogs of the high-redshift unevolved galaxies. Hence understanding
the dynamical evolution of dwarf irregular galaxies could possibly give some insight in to the
early evolution of high-redshift galaxies.
Ghosh & Jog (2014) showed that for the LSBs, where the stars dominate the baryonic
disk, the dense and compact halo that dominates the disk at all radii suppresses the strong
small-scale spiral features almost completely. Thus, whether the larger baryonic contribution
is in the form of stars or in the low velocity dispersion component HI gas, in the region where
the galaxy is dominated by dark matter halo, the disk will not be able to host small-scale spiral
structure.
BIBLIOGRAPHY 73
Bibliography
Ashman K. M., 1992, PASP, 104, 1109
Bagetakos I. et al., 2011, AJ, 141, 23
Banerjee A., Patra N. N., Chengalur J.N., Begum A., 2013, MNRAS,434, 1257
Banerjee A., Jog C.J. 2013, MNRAS, 431, 582
Barbanis B., Woltjer L., 1967, ApJ, 150, 461
Begum A., Chengalur J. N., Kennicutt R. C., Karachentsev I. D., Lee J. C., 2008, MNRAS, 383,
809
Begum A., Chengalur J. N., Karachentsev I. D., 2005, A&A, 433, L1
Binney J., MerrifieldM., 1998, galactic Astronomy. PrincetonUniv. Press, Princeton, NJ
Binney J., Tremaine S., 1987, Galactic Dynamics. Princeton Univ. Press, Princeton, NJ
Broeils A. H., 1992, PhD thesis, University of Groningen
Buyle P., Michielsen D., de Rijcke S., Ott J., Dejonghe H., 2006, MNRAS, 373, 793
Carignan C., Freeman K. C., 1988, ApJ, 332, 33L
Carignan C., Sancisi R., van Albada T.S., 1988, AJ, 95, 37
Cote S., Carignan C., Freeman K. C., 2000, AJ, 120, 3027
Debattista V., Sellwood J. A., 1998, ApJL, 493, 5
de BlokW. J. G., Walter F., Brinks E., TrachternachC., Oh S. H., Kennicutt Jr. R. C., 2008, AJ, 136,
2648
74 BIBLIOGRAPHY
de Vaucouleurs G., de Vaucouleurs A., 1964, Reference Catalogue of Bright Galaxies, Univer-
sity of Texas, Austin
Elmegreen D. M. et al., 2011, ApJ, 737, 32
Giovanelli, R., Haynes, M.P. 1988, in "Galactic and Extragalactic Radio Astronomy", 1988, 2nd
edition, eds. G.L. Verschuur and K.I. Kellermann (New York- Springer), pg. 522
Gentile G., Salucci P., Klein U., Granato G. L., 2007, MNRAS, 375, 199
Ghosh S., Jog C. J., 2014, MNRAS, 439, 929
Goldreich P., Lynden-Bell D., 1965, MNRAS,130, 125G
Graham A. W., Jerjen H., Guzman R., 2003, AJ, 126, 1787
Huner D. A. et al., 2012, AJ, 144,134
Hunter D. A., Elmegreen B., 2004, AJ, 128, 2170
Iorio G., Fraternali F., Nipoti C., Di Teodoro E., Read J. I., Battaglia G., 2016, arXiv: 1611.03865
Jerjen H., Kalnajs A., Binggeli B., 2000, A&A, 358, 845
Jog C. J., 2014, AJ, 147, 132
Jog C.J., 1992, ApJ, 390, 378
Johnson M. C., Hunter D., Wood S., Oh S-H., Zhang H-X., Herrmann K.A., Levine S. E., 2015,
AJ, 149, 196
Karukes E. V., Salucci P., 2016, arXiv: 1609.06903
Kormendy J., Freeman K.C., 2016, ApJ, 817, 84
Lake G., Schommer R. A., 1984, ApJL, 279, 19
Lake G., Schommer R. A., van Gorkom J. H., 1990, AJ, 99, 547
Leroy A. K., Walter F., Brinks E., Bigiel F., de Blok W. J. G., Madore B., ThornleyM. D., 2008, AJ,
136, 2782
Lisker T., Brunngraber R., Grebel E. K., 2009, Astron. Nachr., 330, 966
BIBLIOGRAPHY 75
Lynden-Bell D., Kalnajs A. J., 1972, MNRAS, 157,1L
MateoM., 1998, ARA&A, 36, 435
McGaugh S. S., Schombert J. M., Bothun G. D., de Blok W. J. G., 2000, ApJL, 533, 99
Mihos J.C., McGaugh S.S., de Blok W.J.G.,1997, ApJ, 477, L79
Narayan C. A., Jog C. J., 2003, A&A, 407, L59
Oh S-H. et al., 2015, AJ, 149, 180
Oh S-H., de Blok W. J. G., Walter F., Brinks E., Kennicutt R.C., 2008, AJ, 136, 2761
Ohta K., Tomita A., Saito M., Sasaki M., Nakai N., 1993, PASJ, 45, 21
Patra N. N., Chengalur J. N., Karachentsev I. D., SharinaM. E., 2016, arXiv:1609.01072
Saha K., Jog C. J., 2014, MNRAS, 444, 352
Saha K., Tseng Y.-H., Taam R. E., 2010, ApJ, 721, 1878
Sellwood J. A., Carlberg R. G., 1984, ApJ, 282, 61
Simpson C. E., Hunter D. A., Nordgren T. E., 2005, AJ, 130, 1049
Swaters R. A., Sancisi R., van Albada T. S., van der Hulst J. M., 2011, ApJ, 729, 118
Swaters R. A., Sancisi R., van Albada T. S., van der Hulst J. M., 2009, A&A, 493, 871
Swaters R. A., 1999, PhD thesis, University of Groningen
Tacconi L. J., Young J. S., 1987, ApJ, 322, 681
Taylor C. L., Kobulnicky H. A., Skillman E. D., 1987, AJ, 116, 2746
Tolstoy E., Hill V., Tosi M., 2009, ARA&A, 47,371
Tolstoy E., 2006, Encyclopedia of Astronomy & Astrophysics, DOI: 10.1888/0333750888/2619
Toomre A. 1981, in âA˘I˙The structure and evolution of galaxiesâA˘I˙, eds. D. Lynden-Bell and
S.M. Fall (Canbridge: CambridgeUniv. Press), pg. 111
Toomre A., Toomre J., 1972, ApJ, 178, 623
76 BIBLIOGRAPHY
Toomre A., 1964, ApJ, 139, 1217
van der Kruit P. C., Searle L., 1981, A&A, 95, 105
Walter F., Brinks E., de BlokW. J. G., Bigiel F., Kennicutt Jr. R. C., ThornleyM. D., Leroy A., 2008,
AJ, 136, 2563
77
4. Roleof gas in supportinggrand spiral struc-
ture 1
4.1 Abstract
The density wave theory for the grand two-armed spiral pattern in galaxies is successful in ex-
plaining several observed features. However, the long-termpersistence of this spiral structure
is a serious problem since the group transport would destroy it within about a billion years as
shown in a classic paper by Toomre. In this paper, we include the low velocity dispersion
component, namely gas, on an equal footingwith stars in the formulationof the density wave
theory, and obtain the dispersion relation for this coupled system. We show that the inclusion
of gasmakes the group transport slower by a factor of few, thus allowing the pattern to persist
longer – for several billion years. Though still less than the Hubble time, this helps in making
the spiral structuremore long-lived. Further we show that addition of gas is essential to get a
stable wave for the observed pattern speed for the Galaxy, which otherwise is not possible for
a one-component stellar disk.
4.2 Introduction
The grand two-armed spiral pattern as seen in M 81 or M 51 makes a striking visual impres-
sion. Although these spiral patterns have been studied for over five decades, their origin and
persistence are still not fully understood.
1based on Ghosh & Jog, 2015, MNRAS, 451, 5868
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It was realized early on that a material spiral feature would get wound up in a few rota-
tion periods, due to the differential rotation in a galactic disk. Since spiral features are com-
monly seen, it was proposed by several authors starting from B. Lindblad, and others includ-
ing Lin & Shu (1964, 1966), that at least the grand spiral patterns seen in spiral galaxies are
density waves governed mainly by gravity. In this theory, the spiral pattern is claimed to be
stationary which gets around the winding problem. Thus the spiral pattern is claimed to last
for times much longer than rotational time-scales. Further, Lin, Yuan & Shu (1964) success-
fully interpreted some of the observable features of spiral galaxies by this theory. For a good
exposition of the density wave theory, see Rohlfs (1977).
However, several questions have been raised about the validity of this theory, such as
whether or not these density waves are truly stationary (Toomre, 1969), and whether galax-
ies indeed admit spiral waves as self-consistent modes of oscillation (Lynden-Bell & Ostriker,
1967), see Pasha (2004) for a review of this topic. Over the years, many additional aspects
have been studied that underline the complexity of the spiral structure, see e.g. the reviews by
Toomre (1977); Sellwood (2003); Dobbs & Baba (2014). Bars have been suggested as a possible
mechanisms responsible for the origin of densitywave (Sempere& Rozas, 1997; Athanassoula,
2012). Numerical simulations (Sanders & Huntley, 1976; Combes & Gerin, 1985) have shown
how even aweak barred potential can trigger a spiral perturbation in the gaseous component.
A tidal encounter generally leads to a globalm = 2 spiral pattern (Zaritsky, Rix & Rieke, 1993;
Struck, Dobbs & Hwang, 2011; Dobbs & Baba, 2014). Many galaxies also show flocculent spi-
ral arms which can be explained as being transient, material spiral features that arise due to
swing amplification of non-axisymmetric perturbations,as originally proposed byGoldreich& Lynden-Bell
(1965), also see Toomre (1981). In many cases both density waves as well as transient, mate-
rial spiral arms can co-exist which makes the analysis and application to a particular galaxy
more complicated. A galaxy may showmore than one pattern speed form = 2 (e.g., Gerhard,
2011). Thus, the subject of density wave theory as applied to galaxies is complex.
In this paper, we will focus on one specific issue, namely the effect of gas on the ex-
istence and the group transport of spiral density waves. In a classic paper, Toomre (1969)
showed that any packet of such waves moves radially, and towards increasingly shorter wave-
lengths, with a group velocity that is sufficient to destroy the wave packet itself within a few
galactic revolutions. This was a major setback to the persistence of ‘stationary’ density waves
as proposed by Lin & Shu (1966). Since it is known observationally that regular, grand spiral
features are common, Toomre argued that the presence of a mechanism to regenerate those
grand features is required, such as due to tidal forcing, for the densitywave picture to be saved.
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Meinel & Ruediger (1987) addressed the question of persistence of the grand spiral structure
by means of a wave packet with vanishing group velocity.
A typical spiral galaxy also contains a low velocity dispersion component, namely gas,
in addition to stars. For a more realistic and complete treatment of galactic dynamics, the
dynamical effect of gas needs to be taken into account. The addition of gas is shown to
make the disk significantly more unstable as shown for local, axisymmetric perturbations
(Jog & Solomon, 1984a,b; Bertin & Romeo, 1988; Jog, 1996). In the non-axisymmetric case, gas
has a strong effect on the resulting swing amplification (Jog, 1992), and it is shown to result in
broader arms as observed (Schweizer, 1976).
The gas fraction by mass is measured to vary from ∼ 4 per cent for Sa-type galaxies
to ∼ 25 per cent for Scd-type galaxies (Young & Scoville, 1991; Binney &Merrifield, 1998). A
study using the deep Spitzer survey data (Elmegreen et al., 2011) revealed the trend that early
type galaxies tend to have multiple arms and grand design spiral pattern, while the late type
galaxies show mainly flocculent spiral features. Thus gas fraction may be correlated to the
type of spiral structure. Though the response of gas component to spiral density wave has
been studied theoretically (e.g., Roberts, 1969) as well as observationally for galaxies likeM 51
(Rand, 1993), the role of gas in the frame work of density wave theory has so far not drawn the
attention it deserves.
In this paper we consider gas along with stars in the formulation of the density wave
theory, and obtain the dispersion relation for this coupled system. Although the response of
interstellar gas to the stellar density wave has been well-studied, the role of gas in the group
transport has not been considered so far. We find that the addition of gas lowers the group
velocity thus allowing the grand design spiral pattern to persist longer. Further, we show that
addition of gas permits waves to be real for the observed pattern speed, which otherwise can-
not be realized for a one-component stellar disk. Thus, the dynamical effect of gas helps spiral
arms to exist and persist longer.
§ 4.3 contains the details of the formulation of the problem, § 4.4 presents the results.
§ 4.5 and § 4.6 contain the discussion and conclusion respectively.
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4.3 Formulation of the Problem
4.3.1 Dispersion Relation for a two-component disk
Here, we treat a galactic disk as a gravitationally coupled two-component (stars plus gas) sys-
tem, where the stars are taken to be collisionless and characterized by a surface density Σ0s
and a one-dimensional velocity dispersion, σs, and gas as a fluid characterized by surface
density Σ0g and a one-dimensional velocity dispersion or the sound speed, σg. For simplicity
of calculation, the galactic disk is assumed to be infinitesimally thin and pressure acts only in
the disk plane i.e. in this paper we are interested in gravitational instabilities in the disk plane
(z = 0) only. We use cylindrical co-ordinates (R ,φ,z).
We derive the dispersion relation for such a joint system in theWKB (Wentzel – Kramers
– Brillouin) limit or the tightly wound case, following the procedure as in Binney & Tremaine
(1987). The small density perturbations are taken to be of type exp [i (ωt −mφ+kR)] whereω
is the frequency, and k is the wavenumber. This simple modal approach assumes a constant
pattern speedΩp =ω/m. However, in a realistic case, the quantitiesω and k could vary grad-
ually with radial location and time, as centered around a mode (as in Toomre, 1969). Here,
the same dispersion relation as obtained for the modes is taken to be valid to describe the
behavior of these general disturbances that can be used to study wave packets with gradually
varying properties (e.g., Witham, 1960; Lighthill, 1965).
The dispersion relation is obtained to be
2πGΣ0s|k|F
(
ω−mΩ
κ
,
k2σ2s
κ2
)
κ2− (ω−mΩ)2
+
2πGΣ0g|k|
κ2− (ω−mΩ)2+σ2gk
2
= 1. (4.1)
Here the functionF is the reduction factor with an expression as given in Binney & Tremaine
(1987), also see § 4.7. This factor physically takes account of the reduction in self-gravity of
the galactic disk due to the velocity dispersion of stars.
Rafikov (2001) had obtained the dispersion relation for a system comprised of n distinct
collisionless systems along with gas for the axisymmetric case (m = 0), (see equation (22) in
that paper). Thus the dispersion relation for our case is given as a special case corresponding
to n = 1.
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Next we define
αs = κ
2
−2πGΣ0s|k|F
(ω−mΩ
κ
,
k2σ2s
κ2
)
αg = κ
2
−2πGΣ0g|k|+k
2σ2g
βs = 2πGΣ0s|k|F
(ω−mΩ
κ
,
k2σ2s
κ2
)
βg = 2πGΣ0g|k|
(4.2)
Then equation (4.1) reduces to
(ω−mΩ)4− (αs+αg)(ω−mΩ)
2
+ (αsαg−βsβg)= 0. (4.3)
This is a quadratic equation in (ω−mΩ)2. Solving it we get
(ω−mΩ)2 =
1
2
[
(αs+αg)±
{
(αs+αg)
2
−4(αsαg−βsβg)
}1/2]
. (4.4)
The additive root for (ω−mΩ)2 always lead to a positive quantity, hence it indicates always os-
cillatory perturbations under all conditions (same as for axisymmetric case; see Jog & Solomon,
1984a). In order to study the stability of the system and its further consequences, we therefore
consider only the negative root which is
(ω−mΩ)2 =
1
2
[
(αs+αg)−
{
(αs+αg)
2
−4(αsαg−βsβg)
}1/2]
. (4.5)
Next define two dimensionless quantities, s, the dimensionless frequency, and x, the dimen-
sionless wavenumber as
s = (ω−mΩ)/κ=m(Ωp−Ω)/κ, x = k/kcrit , (4.6)
where kcrit = κ
2/2πG(Σ0s+Σ0g). For one-component case, say with Σ0g = 0, this is the largest
stable wavenumber for a pressureless stellar disk.
Dividing both sides of equation (4.5) byκ2 andusing the above twodimensionless quan-
tities, we get the dimensionless form of the above dispersion relation as
s2 =
1
2
[
(α′s+α
′
g)−
{
(α′s+α
′
g)
2
−4(α′sα
′
g−β
′
sβ
′
g)
}1/2]
, (4.7)
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where
α′s = 1− (1−ǫ)|x|F (s,ξ)
α′g = 1−ǫ|x|+
1
4
Q2gǫ
2x2
β′s = (1−ǫ)|x|F (s,ξ)
β′g = ǫ|x|
(4.8)
where, χ= k2σ2s/κ
2 = 0.286Q2s (1−ǫ)
2x2.
The three dimensionless parametersQS,Qg and ǫ are, respectively the ToomreQ factors
for stars as a collisionless systemQs(=κσs/(3.36GΣ0s)), and for gasQg = (κσg/(πGΣ0g)) and; ǫ
=Σ0g/(Σ0s+Σ0g) the gas mass fraction in the disk, respectively.
Similarly, the one-component analog of this dispersion relation is (Binney & Tremaine,
1987)
s2 = 1−|x|F
(ω−mΩ
κ
,
k2σ2s
κ2
)
. (4.9)
4.3.2 Group velocity for a two-component disk
It is well known that information from a disturbance, generated at a given radius, propagates
radially with its group velocity (e.g., Witham, 1999). For an inhomogeneous medium, the
group velocity at a fixed radius is defined as (Witham, 1960; Lighthill, 1965)
cg(R)=
∂ω(k,R)
∂k
. (4.10)
Here, we study effect of gas on the radial group velocity of a wavepacket in a gravita-
tionally coupled star-gas system. From the dispersion relation for a collisionless case, it can
be seen that evaluating an analytic expression for the group velocity is cumbersome due to
the implicit form of the reduction factor. This is particularly so for the two-component case.
However, interestingly, the group velocity can be easily estimated graphically from the slope
of s versus x (see Figure 4.1 in § 4.4), and is given as (Toomre, 1969; Binney & Tremaine, 1987)
cg (R)= sgn(ks)(k/kcrit)
ds
dx
, (4.11)
where sgn(ks)=±1 depending on whether ks > 0 or is < 0. This approach was developed by
Toomre (1969), we apply it here for the frequency s obtained above for the two-component
case (equation (4.7)).
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4.4 Results
We next investigate how the addition of gas affects the group velocity and hence the radial
group transport of a wavepacket. Driven by purely theoretical interest, here we carried out
the analysis at a fixed radius in the disk varying the gas surface density from 5 per cent to 20
per cent of the stellar surface density. For a real galaxy, at a particular radius one would ex-
pect to get a unique ratio of gas to stellar surface density, nevertheless our approach would
throw some light on what is likely to happen at those radii for which the observed gas fraction
matches with the values considered here in the analysis. We will compare our results with
those of Toomre (1969), the latter obtained for the stars-alone case, with Qs = 1. For a two-
component case, whenQs = 1, the system will become unstable (Jog & Solomon, 1984a), and
the group velocity concept is not applicable in that case. Hence, we consider a slightly higher
Qs = 1.3 since that leaves the two-component system stable even for higher gas fraction of 20
per cent (Jog, 1996). For givenQs and ǫ values, and assuming a certain value for the ratio of dis-
persions σs to σg (taken to be = 3.5 as observed in the solar neighborhood, see Narayan & Jog
(2002)), one can obtainQg = (0.306Qs)(1−ǫ)/ǫ. Using these as input parameters, the values of
s versus x can be obtained for different gas fraction values.
In Figure 4.1, we plot the dispersion relation in its dimensionless form for different gas
fractions (equation (4.7)), including for the stars-alone case (equation (4.9)).
Two points are clear from this figure. First, as more gas is added, the plot for dispersion rela-
tion progressively occupiesmore of the forbidden region between corotation (s = 0) and inner
Lindblad resonance (ILR, s =−1), implying that the system becomesmore andmore prone to
being unstable, along the same line as seen for the axisymmetric case (Jog & Solomon, 1984a).
Secondly, a careful inspection also reveals that in the relatively short branch (high wavenum-
bers) of the dispersion relation, the plots become moderately flatter as more gas is added to
the system.
While the first feature is somewhat expected and relatively well-understood, the second
point is particularly interesting. As the group velocity is directly related to the slope of these
curves (see § 4.3), these curves give a clear hint that when gas is included, the radial group
velocity of a wave packet whose central wavenumber falls in the region, is likely to decrease,
thoughmoderately.
To investigate this issue further, we estimated the value of group velocity atR = 8 kpc for
different gas fractions. The values of κ and Ω are calculated from a flat rotation curve with a
constant radial velocity of 220 km s−1 at R = 8 kpc near the solar neighborhood in the Galaxy,
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Figure 4.1: Dispersion relation(equations (4.7) & (4.9)), plotted in its dimensionless form.
Since the dispersion relation is symmetric with respect to both s and x, only their absolute
values are shown in this figure. As the fraction of gas is increased, the system gets closer to
being unstable.
Table 4.1: Group velocity for various gas fraction values
Σ0g/Σ0s Slope Group velocity Time to travel
(km s−1) 10 kpc (Gyr)
0.0 0.14 8.0 1.2
0.05 0.11 6.0 1.6
0.10 0.10 5.5 1.7
0.15 0.08 4.4 2.2
0.20 0.07 4.0 2.4
obtained from the standard mass model by Mera, Chabier & Schaeffer (1998). These are: κ =
38.9 km s−1 kpc−1, and Ω = 27.5 km s−1 kpc−1. The pattern speed Ωp for m = 2 is taken to
be 12.5 km s−1 kpc−1 as in Toomre (1969), so as to ensure that any the variation in results is
due to the inclusion of gas. The value of the slope is obtained graphically from the curve of s
versus x (Figure 4.1) and is calculated at a point x where the line s = constant (for a particular
pattern speed) intersects the curve. The value of x corresponding to the higher x or k value is
chosen rather than the lower x value since the tight-winding approximation is better satisfied
at the shorter wave branch. This gives the value of the group velocity (equation (4.11)), see
Table 4.1 for the results.
As the gas fraction increases from 0 to 20 per cent, the group velocity is reduced by a
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factor of 2. Consequently, the time taken by a wavepacket to travel a distance of 10 kpc is
about two times longer. Even these rough estimates tell us that the addition of gas helps the
density pattern to persist for a relatively longer time-scale. This is the main finding of this
work. We stress that the quantitative result is not robust as it depends on the slope of the
curve measured graphically. For example, for a slightly higher pattern speed of 14 km s−1
kpc−1, the group velocity has a range of 11–4.4 km s−1 as the gas fraction is increased from 0
to 20 per cent, hence the time taken for a wavepacket to travel the same distance of 10 kpc
increases almost by a factor of 3. Thus the results in Table 4.1 give a typical sense of increase
in the lifetime of a spiral pattern on including gas in the picture.
The modern observations of the pattern speed for the Milky Way show higher values,
that lie in a range between 17 and 28 km s−1 kpc−1 (e.g., Gerhard, 2011; Siebert et al., 2012;
Junqueira et al., 2015), with a typical value of Ωp = 18 km s
−1 kpc−1. For most of this range of
values for Ωp, the value of s in the middle range of the Galaxy is < 0.5. For this value of s, the
dispersion relation (equation (4.9)) does not admit a real solution forQs = 1.3. Instead its solu-
tion has an imaginary wavenumber, and hence it decays exponentially with radius on scales
of ∼ a few λcrit (Chapter 6.2 in Binney & Tremaine, 1987). For the solar neighborhood, with
(Σ0s+Σ0g) = 52 M⊙ pc
−2 (Narayan & Jog, 2002), the value of λcrit is ∼ 6 kpc. This aspect does
not seem to be recognized or at least mentioned in the papers which give the observational
determination of the pattern speed. Thus, a one-component stellar disk is not adequate to
describe the observed pattern, and therefore taking account of gas is essential in order for the
density waves to be stable as shown next.
For the recent observed value of the pattern speed of 18 km s−1 kpc−1, the value of the
frequency is obtained as s = 0.5. For this value of s, the wavenumber for the s versus x curve
for the stars-alone case would be imaginary. Note, however, that in contrast, for gas fractions
of 10–15 per cent, the curve s versus x does have real solutions for the wavenumber and the
slope at thesewavenumbers remains nearly constant∼ 0.2. The corresponding group velocity
is 11 km s−1, comparable to but higher than the values in Table 4.1. Thus the time to travel 10
kpc is ∼ 109 yrs. Thus, interestingly, we find that for the observed pattern speed in the Galaxy,
the waves for stars-alone case have an imaginary wavenumber, hence are evanescent. For a
stable wave solution one needs to take account of gas. Moreover, addition of gas allows some-
what higher pattern speeds which are consistent with observations, to be valid in a galaxy.
Since the pattern speed decides the location of resonance points, the inclusion of gas thus
allows the corotation to be shifted to an inner radius.
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4.5 Discussion
4.5.1 Stars: collisionless versus fluid approach
In this paper, we have treated stars as a collisionless system involving no pressure term, as
required for a correct treatment of the group velocity. There are some problems in dynamics
where the result does not depend critically on whether a fluid or a collisionless representation
is used for stars. For example, in the local stability analysis of axisymmetric perturbations
in a galactic disk leading to the Toomre Q criterion, results obtained from both approaches
match quite satisfactorily. The Toomre Q factors (Toomre, 1964) for stars and gas differ by
only 7 per cent, with a factor 3.36 replacing π in the denominator for a collisionless case (e.g.,
Binney & Tremaine, 1987).
However, it is known that the two approaches differ substantially with the system being
more bouncy at high wavenumbers in the fluid case as can be seen by the plot of the disper-
sion relation in the two cases (e.g., Fig. 6.14 in Binney & Tremaine (1987); also see Rafikov
(2001)). We plot the dispersion relation with 15 per cent gas for two cases: first stars as a col-
lisionless system (equation (4.7) above; and then treating stars as a fluid (with the dispersion
relation as in Jog & Solomon (1984a)), see Figure 4.2.
From Figure 4.2, it is evident that for the case where the stars are treated as a fluid, the
curve for the dispersion relation is steeper than the casewhere stars are treated as collisionless
system and the s values exceed 1 beyond x = 7. In contrast, in the collisionless treatment, the
s values are always less than 1 and saturate to 1 at x≫ 7. Since the technique adopted here to
calculate group velocity is strongly dependent on slope of these curves, consequently these
two different approaches, using the same gas fraction, are bound to give different estimates
for the group velocity.
4.5.2 Other Issues:
We would like to caution that, from our result it may appear that with the inclusion of gas
by more than 20 per cent or so which is the extreme case considered for the present work,
may still improve the persistence of the spiral features. But in a real gas-rich galaxy, other
processes like swing amplification generating local flocculent spiral features do take place
simultaneously. In particular, for gas rich galaxies it is probably the swing amplificationwhich
supersede the grand spiral structure, as evident from the abundance of more flocculent spiral
features found in gas-rich Sc-type galaxies.
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Figure 4.2: Dispersion relation(equations (4.7) & (4.9)), plotted in its dimensionless form, at
R = 8 kpc for a disk with 15 per cent gas, for two cases: first treating stars as a collisionless
system and then treating stars as a fluid. The two approaches agree at low x values, but differ
at large x values.
Another point to note is that the analysis presented here is based on a linear perturba-
tion theory so that the non-linear effects have been neglected. But these non-linear effects
could have far-reaching consequences. A recent study using high-resolution N-body sim-
ulations (D’Onghia, Vogelsberger, & Hernquist, 2013) showed that the nonlinear effects can
significantly modify the process of origin and persistence of floccculent spiral features, pro-
duced through swing amplification. So, it is worth checking the significance of nonlinearity
in the frame work of density wave theory with gas treated on equal footing with stars.
4.6 Conclusion:
In summary, we have studied the effect of gas by treating a galactic disk as a two-component
gravitationally coupled stars plus gas system in the framework of density wave theory. The
resulting frequency versus wavenumber curve is flatter which leads to a lower group velocity.
The idea of group velocity as an indicator of transport of information is routinely studied
in other branches of physics, such as quantum mechanics, its usefulness is underutilized in
astrophysics. In the case of galactic disks, this idea was first applied by Toomre (1969) to show
that the density waves cannot last formore than∼ 109 yrs. We have shown that taking account
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of gas lowers the group velocity by a factor of few,which allows the densitywaves to last longer,
to about few 109 yr. This helps persistence of the spiral structure for a longer time-scale in a
gas-rich galaxy, irrespective of the mechanism, such as tidal interaction, that gives rise to the
grand two-armed spiral structure.
The second important result from thiswork is that we show that for the observed pattern
speed of ∼ 18 km s−1 kpc−1 for the Galaxy (Siebert et al., 2012), the solution gives an evanes-
cent wave (i.e., a wave with an imaginary wavenumber) for a one-component stellar disk,
hence the wave would disperse radially. We show that it is the inclusion of gas that makes it
possible to have a stablewave for themeasured pattern speed. The additionof gas thus allows
somewhat higher pattern speeds to be valid in a galaxy which otherwise cannot be realized
for a one-component stellar disk. Since the pattern speed decides the location of resonance
points, the addition of gas thus allows the corotation to be shifted to an inner radius. This
could have implications for the angular transport properties due to the spiral pattern.
4.7 Appendix
4.7.1 Calculation of the Reduction Factor
The dispersion relation for collisionless stellar disk in the tight-winding limit is (see equa-
tion (4.9)):
s2 = 1−|x|F (s,χ) , (4.12)
where the reduction factor F (s,χ) is given by (Binney & Tremaine, 1987):
F (s,χ)=
2
χ
exp(−χ)(1− s2)
∞∑
n=1
In(χ)
1− s
2
n2
, (4.13)
where In(χ) is a modified Bessel function of order n. Now the explicit dependence of reduc-
tion factor F (s,χ) on s makes the dispersion relation (equation (4.12)) an implicit relation
which then has to be solved in a self-consistent manner. For obtaining the solution numeri-
cally, one has to truncate the infinite sum after a finite terms in such a way so that the solution
is not affected by the truncation process. In other words, if the solutionwith k+1 terms of the
series matches well (within the pre-defined tolerance limit) with the solution having k (not
to confuse with wavevector k) terms of the series, one can safely truncate the series after k
terms.
In some special cases, for example while studying the m = 1 slow modes in Keplerian
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Figure 4.3: Variation of dispersion relation for collisionless stellar disk withQ = 1.3 while in-
corporating subsequent terms of the infinite series in the expression for the reduction factor
(equation (4.13)). The solution with first four terms matches well with that having first five
terms to within 1 per cent, so the series can safely be truncated after the first four terms.
disks, Tremaine (2001) showed that the reduction factor in the dispersion relation simplifies
to one containing only the first term of the infinite sum, hence becomes an explicit relation in
s and x (|k|/kcrit)(see equation (12) there). But we caution that, in general, such a simplifica-
tion is not always valid and one has to incorporate more terms of the series to get the actual
solution.
Here we illustrate how incorporating further terms of the infinite sum will affect the
dispersion relation for a collisionless stellar disk forQ = 1.3.
From Figure 4.3, it is seen that with the inclusion of subsequent terms, the solution
changes significantly. Allowing more terms of that infinite sum into the solution makes the
forbidden region between corotation(s= 0) and Inner Lindblad resonance(ILR, s=−1) reduce
up to a certain limit, after that the effect gets saturated. This happens for n = 4. Hence in our
calculation ( § 4.3), we include terms up to n = 4 in the reduction factor F as suggested by
this figure. The result shown in Figure 4.3 agrees with that in Toomre (1969).
4.7.2 WKB dispersion relation for a two-fluid galactic disk
For the sake of completeness, the derivation of the WKB dispersion relation for two-fluid
galactic disk is given next.
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The disk taken as infinitesimally thin so that the pressure acts only in the mid-plane
(z = 0). Both the stars and gas are treated as fluid, each characterized by the surface density
Σi and the one-dimensional velocity dispersion or sound speed ci . We use the galactocentric
cylindrical coordinates (R , φ, z) throughout in this section. Also, we use the subscripts i = s,g
for stars and gas, respectively.
In this cylindrical coordinates, the radial and azimuthal components of the Euler equa-
tion of motion are
∂vRi
∂t
+vRi
∂vRi
∂R
+
vφi
R
∂vRi
∂φ
−
v2φi
R
=−
1
Σ0i
∂pi
∂R
−
∂Φtot
∂R
(4.14)
and,
∂vφi
∂t
+vRi
∂vφi
∂R
+
vφi
R
∂vφi
∂φ
+
vRi vφi
R
=−
1
Σ0iR
∂pi
∂φ
−
1
R
∂Φtot
∂φ
, (4.15)
whereΦtot denotes the joint gravitational potential due to both stars and gas.
Following Binney & Tremaine (1987), we choose a simple equation of state given as
pi =KΣ
γ
i
. (4.16)
The corresponding specific enthalpy (h) is given as
hi =
γ
γ−1
Σ
γ−1
i
(4.17)
With this definition of specific enthalpy, equations (4.14) and (4.15) reduce to
∂vRi
∂t
+vRi
∂vRi
∂R
+
vφi
R
∂vRi
∂φ
−
v2φi
R
=−
∂(Φtot+hi )
∂R
(4.18)
and,
∂vφi
∂t
+vRi
∂vφi
∂R
+
vφi
R
∂vφi
∂φ
+
vRi vφi
R
=−
1
R
∂(Φtot+hi )
∂φ
. (4.19)
The spiral wave is treated as only a small perturbation on a steady-state axisymmetric
disk (for details see Binney & Tremaine, 1987) which allows one to carry out linear perturba-
tion analysis in the Euler equations of motion. The unperturbed part of a quantity will be
accompanied by a subscript ‘0’ and the perturbed part of any quantity will be accompanied
4.7. Appendix 91
by a subscript ‘1’.
The unperturbed Euler equation of motion gives
vφ0 =
√
R
dΦ0,tot
dR
=RΩ(R) , (4.20)
whereΩ(R) denotes the circular frequency at any radius R .
Now we carry out the linear perturbation analysis, and write different quantities sin the
following way:
vRi = vR1i , vφi = vφ0i +vφ1i , Σi =Σ0i +Σ1i ,Φtot =Φ0,tot+Φ1,tot etc., where the perturbed quan-
tities are very small as compared to the unperturbed quantities.
Then the perturbed equations of motion reduce to
∂vRi1
∂t
+Ω
∂vRi1
∂φ
−2Ωvφi1 =−
∂
∂R
(
Φ1,tot+hi1
)
(4.21)
and,
∂vφi1
∂t
+
[
d(ΩR)
dR
+R
]
vRi1 +Ω
vφi1
∂φ
=−
1
R
∂
∂φ
(
Φ1,tot+hi1
)
. (4.22)
We take the trial solution as
χ1 =Re[χae
i (mφ−ωt)] , (4.23)
where χ1 denotes any perturbed dynamical quantity of interest, and m ≥ 0 is any integral
values which indicates that the perturbation has a m-fold symmetry (here m = 2 for spiral
arms).
Putting the trial solutions in equations (4.21) and ( 4.22) and after some algebraic sim-
plification we get (for details see Binney & Tremaine, 1987)
vRai (R)=
i
∆
[
(ω−mΩ)
d
dR
(Φa,tot+hai )−
2mΩ
R
(Φa,tot+hai )
]
(4.24)
vφai (R)=−
1
∆
[
2B(ω−mΩ)
d
dR
(Φa,tot+hai )+
m(ω−mΩ)
R
(Φa,tot+hai )
]
, (4.25)
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where κ is the local epicyclic frequency, and ∆ is defined as
∆≡ κ2− (ω−mΩ)2 . (4.26)
Similarly, the linearized equation of state is
hai = γKΣ
γ−2
0i
Σai , (4.27)
and the linearized continuity equation in the cylindrical coordinates is
∂Σ1i
∂t
+Ω
∂Σ1i
∂φ
+
1
R
d
dR
(
RvR1iΣ0i
)
+
Σ0i
R
vφ1i
∂φ
= 0. (4.28)
Putting the trial in this equation, the perturbed continuity equation reduces to
− i (ω−mΩ)Σai +
1
R
d
dR
(RvRaiΣ0i )+
imΣ0i
R
vφai = 0. (4.29)
Now we invoke the tight winding approximation or the WKB approximation to get an
local, analytical expression for the dispersion relation for this two-fluid galactic disk.
The potential of such a tightly wound density wave can be written as (for details see
Binney & Tremaine, 1987)
Φa(R)= F (R)exp
[∫R
kdR
]
(4.30)
where F (R) is a slowly varying function of R and |kR|≫ 1.
Neglecting the terms higher than O(|kR|−1) and after some algebraic simplifications,
equations (4.24), (4.25), and (4.29) reduce to
vRai =−
(ω−mΩ)
∆
k(Φa,tot+hai )
vφai =−
2iB
∆
k(Φa,tot+hai )
(4.31)
and,
− (ω−mΩ)Σai +kΣ0i vRai = 0. (4.32)
Eliminating vRai and hai from these equations we get
Σai (R)=P i (k,R ,ω)Σai (R) , (4.33)
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where the polarization functionP i which relates the response density Σai to the total density
and the form is given as
P i (k,R ,ω)=
2πGΣ0i |k|
κ2− (ω−mΩ)2+c2
i
k2
. (4.34)
In order to obtain a self-consistent density wave, the response surface density should be
equal to the total surface density. Thus, we get,
2πGΣ0s|k|
κ2− (ω−mΩ)2+c2s k
2
+
2πGΣ0g|k|
κ2− (ω−mΩ)2+c2gk
2
= 1. (4.35)
After some algebraic simplification, we get,
(ω−mΩ)4− (ω−mΩ)2(αs+αg)+ (αsαg−βsβg)= 0 (4.36)
where,
αi = κ
2
−2πGΣ0i |k|+c
2
i k
2
βi = 2πGΣ0i |k|
(4.37)
and, i = s,g for stars and gas, rexpectively.
Solving equation (4.36) we get,
(ω−mΩ)2 =
1
2
[
(αs+αg)±
{
(αs+αg)
2
−4(αsαg−βsβg)
}1/2]
. (4.38)
Now the additive root for (ω−mΩ)2 will always be positive, and hence it indicates the
oscillatory perturbations under all conditions; thereby leaving the other root of (ω−mΩ)2
meaningful for studying the stability of the two-fluid gravitationally coupled system (for de-
tails see Jog & Solomon, 1984). Hence, the WKB dispersion relation for a gravitationally cou-
pled two-fluid system is
(ω−mΩ)2 =
1
2
[
(αs+αg)−
{
(αs+αg)
2
−4(αsαg−βsβg)
}1/2 ]
, (4.39)
where the quantitiesαi andβi are defined in equation (4.37), and i = s,g are for stars and gas,
respectively.
By puttingm = 0 in equation (4.39), we recover the dispersion relation for the axisym-
metric case (see equation (20) in Jog & Solomon, 1984), as expected.
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4.7.3 WKB dispersion relation for a two-component disk
For the sake of completeness, the derivation of theWKBdispersion relation for two-component
galactic disk is given next.
Here, we treat the stellar component as a collisionless system, characterized by the sur-
face density Σ0s and the one-dimensional velocity dispersionσs, and the gas as fluid, charac-
terized by the surface density Σ0g and the sound speed cg.
Much of the formulation will be similar to what it is done in the earlier section, except
there will be some modification due to the different modeling of the stellar component as
fluid and collisionless system.
We consider the infinitesimally thin galactic disk, and the pressure acts only in themid-
plane (z = 0). We use the galactocentric cylindrical coordinate system (R , φ, z) throughout in
this section.
The basic outline for the formulation is the following:
Equations ofmotion are used to compute the perturbation in surface densityΣ1i which arises
due to the perturbation in the potentialΦ1,tot, and then in order to get a self-consistent density
wave we equate the perturbation in surface density to the total density. Also for the stellar
component, instead of the continuity equation, the Jean’s equation is used for the collisionless
stellar component (for details see Binney & Tremaine, 1987). However, the main difficulty is
in computing the quantity v¯R1s , the perturbation in themean velocity of the stars, introduced
by the perturbation in the potentialΦ1,tot, as also mentioned in Binney & Tremaine (1987).
For a cold stellar disk (where the unperturbed orbits are circular), the quantity v¯R1s can
be written as
v¯R1s =−
ω−mΩ
∆
kΦa,tot (4.40)
because a cold stellar disk essentially is dynamically equivalent to a fluid disk with zero pres-
sure (see discussion in Binney & Tremaine, 1987). However, note that if the stellar disk is not
cold enough so that the typical epicyclic amplitude is not much smaller than the wavelength
2π/k, the expression in equation (4.40)will no longer remain accurate. In that case, stars com-
ing from a distance of twice the epicyclic amplitude and which are passing through a certain
point (R , φ) at any given time can be sampled entirely different parts of the spiral potential.
This effect causes an effective reduction in the response of the disk to the spiral perturbations
(for detailed discussion see Binney & Tremaine, 1987). Therefore, including the effect of this
reduction we get,
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v¯R1s =−
ω−mΩ
∆
kΦa,totF , (4.41)
where F ≤ 1 is the reduction factor. The form for F (s,χ) for a razor-thin disk whose stel-
lar equilibrium state can be described by the Schwarzchild distribution function is given by
(Binney & Tremaine, 1987):
F (s,χ)=
2
χ
exp(−χ)(1− s2)
∞∑
n=1
In(χ)
1− s2/n2
, (4.42)
where s(= (ω−mΩ)/κ) and χ(= k2σ2s/κ
2) are the dimensionless frequencies, and σs is the
velocity dispersion of the stellar component. In is themodified Bessel function of first kind.
After putting the trial solution as given in equation (4.23), the perturbed Jean’s equation
reduces to
− (ω−mΩ)Σas+kΣ0s v¯Ras = 0 (4.43)
Following the same way as what is done in the earlier section, we eliminate v¯Ras , and
vRag to get the polarization functions for both the stellar and gas components which are given
as
Ps(k,R ,ω)=
2πGΣ0s|k|F
κ2− (ω−mΩ)2
(4.44)
and,
Pg(k,R ,ω)=
2πGΣ0s|k|
κ2− (ω−mΩ)2+c2gk
2
(4.45)
To get a self-consistent density wave, the sum of these two polarization function should
be equal to one. Therefore, we get,
2πGΣ0s|k|F
κ2− (ω−mΩ)2
+
2πGΣ0s|k|
κ2− (ω−mΩ)2+c2gk
2
= 1. (4.46)
After some algebraic simplifications we get,
(ω−mΩ)2 =
1
2
[
(α′s+α
′
g)±
{
(α′s+α
′
g)
2
−4(α′sα
′
g−β
′
sβ
′
g)
}1/2]
, (4.47)
where,
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α′s = κ
2
−2πGΣ0s|k|F
α′g = κ
2
−2πGΣ0g|k|+c
2
gk
2
β′s = 2πGΣ0s|k|F
β′g = 2πGΣ0g|k| .
(4.48)
Here also, we neglect the additive root as it remains always positive, and hence indicates
the oscillatory behavior of the perturbation in all conditions. Therefore, the dispersion rela-
tion for a gravitationally coupled two-component (stars plus gas) system in the tight-winding
limit is
(ω−mΩ)2 =
1
2
[
(α′s+α
′
g)−
{
(α′s+α
′
g)
2
−4(α′sα
′
g−β
′
sβ
′
g)
}1/2]
. (4.49)
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5. Dynamical effect of gason spiral pattern
speed in galaxies1
5.1 Abstract
In the density wave theory of spiral structure, the grand-design two-armed spiral pattern is
taken to rotate rigidly in a galactic disk with a constant, definite pattern speed. The ob-
servational measurement of the pattern speed of the spiral arms, though difficult, has been
achieved in a few galaxies such as NGC 6946, NGC 2997, and M 51 which we consider here.
We examinewhether the theoretical dispersion relation permits a real solution for wavenum-
ber corresponding to a stable wave, for the observed rotation curve and the pattern speed
values. We find that the disk when treated to consist of stars alone, as is usually done in litera-
ture, does not generally support a stable density wave for the observed pattern speed. Instead
the inclusion of the low velocity dispersion component, namely, gas, is essential to obtain
a stable density wave. Further, we obtain a theoretical range of allowed pattern speeds that
correspond to a stable density wave at a certain radius, and check that for the three galaxies
considered, the observed pattern speeds fall in the respective prescribed range. The inclusion
of even a small amount (∼ 15 per cent) of gas by mass fraction in the galactic disk is shown
to to have a significant dynamical effect on the dispersion relation and hence on the pattern
speed that is likely to be seen in a real, gas-rich spiral galaxy.
1based on Ghosh & Jog, 2016, MNRAS, 459, 4057
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5.2 Introduction
Various surveys on galaxymorphology have revealed that the spiral structure is mainly of two
types: flocculent structure and grand-design spiral structure (Elmegreen et al., 2011). Accord-
ing to the density wave theory, the grand-design spiral pattern is a density wave that rotates
rigidly in a galactic disk, and ismaintained by the disk gravity (Lin & Shu, 1964, 1966), also see
Dobbs & Baba (2014) for a recent review.
The determination of pattern speed is of particular interest in galactic dynamics as it
sets the location of resonance pointswhere angularmomentum transport is believed to occur,
thus it has direct implications for the secular evolution of the galactic disk (Lynden-Bell & Kalnajs,
1972). Over the years, several techniques have been devised to measure the pattern speed of
these spiral structures. A common technique that is used is based on the assumed knowl-
edge of the location of the resonance points (Buta & Combes, 1996), which involves under-
standing the behaviour of stars and gas at these resonance points. Thus, estimation of the
resonance points from the observed surface brightness profiles, will give the value of pattern
speed (Puerari & Dottori, 1997). Another approach relies on information regarding the sign
reversal of the radial streaming motion across the corotation. This can be done by studying
a strip covering the kinematical minor-axis, where the radial component of the velocity has
a non-zero projection along the line of sight. This method requires the position angle of the
strip to be known accurately, which is not easy to check observationally because warps, of-
ten present in the outer parts of a galaxy, twist the location of the position angles. A related
method, first proposed by Canzian (1993), employs the change of sign of radial streaming
motion across corotation and also takes account of the geometric phase values. This tech-
nique has been applied successfully first to NGC 4321 (Sempere et al., 1995). Also, the pattern
speed can be estimated from the observed azimuthal age-gradient of the young stellar com-
plexes which are seen to be associatedwith the spiral arms (Grosbol& Patsis, 1998). This tech-
nique has been applied to NGC 2997 to measure its pattern speed (Grosbol & Dottori, 2009).
Other popular method is the Tremaine-Weinberg method (hereafter, the TWmethod) which
requires no specific dynamic model and predicts the value of pattern speed from kinematic
measurements only (Tremaine &Weinberg, 1984). In the past, the TWmethod has been used
to deduce the pattern speed of bars (Merrifield & Kujiken, 1995; Corsini, Debattista & Aguerri,
2003; Maciejewski, 2006) and spiral structures (Fathi et al., 2007). Each of the above meth-
ods involves different possible sources of errors or inaccuracies (see e.g. the discussion in
Junqueira et al., 2015).
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Spiral galaxies also contain a certain amount of interstellar gas whose fraction varies
with their Hubble type (e.g Young & Scoville, 1991; Binney &Merrifield, 1998). The role of gas
has been studied in various contexts in galactic dynamics, and it has been shown that the low
velocity dispersion component, namely, gas has a significant effect on stability against both
local axisymmetric (Jog & Solomon, 1984a,b; Bertin & Romeo, 1988; Jog, 1996; Rafikov, 2001)
and non-axisymmetric (Jog, 1992) perturbations.
The longevity of a density wave was questioned by Toomre (1969) who showed that a
wavepacket of densitywaveswould propagate radiallywith a group velocity cg(R) = ∂ω(k,R)/∂k,
where ω and k are the frequency and the wavenumber, respectively, and R is the radius; and
the dependence ofωon k is determined by the corresponding dispersion relation. This results
in winding up of the wavepacket in a time-scale of about 109 yr. A recent work by Ghosh & Jog
(2015) showed that the inclusion of gas in the disk makes the group transport slower by a
factor of few, thus allowing the pattern to persist for a longer time-scale. They also showed
that for the observed pattern speed of 18 km s−1 kpc−1 (Siebert et al., 2012) and for assumed
values of ToomreQ-parameters for our Galaxy, the disk when modeled as a stars-alone case,
does not give a stable wave solution. Instead, one needs to invoke gas in order to get a stable
density wave solution for the observed pattern speed.
In this paper, we study this in more detail and show this to be a general result: for this
we study three external galaxies, NGC 6946, NGC 2997, and M 51 (NGC 5194) for which the
observational values of the pattern speeds for the spiral structure and the rotation curves are
available in the literature. We first treat the galactic disk as comprised only of stars and from
the dispersion relation we obtain the lowest possible value of the dimensionless frequency
(see § 5.3.2 for details) for which stars-alone will allow a stable wave. We next include gas
on an equal footing with stars and follow the same procedure except for a two-component
dispersion relation. Wefind that, at a radius equal to twodisk scalelengths and for an assumed
set of ToomreQ-parameter values, the stars-alone cases for NGC 6946 and NGC 2997 do not
support a stablewavewhile forM 51, the stars-alone casemarginally supports a stable density
wave for the observed pattern speed. One has to include a gas fraction appropriate for the
galaxies considered here, to get a stable density wave corresponding to the observed pattern
speed. As a check, we also varied the parameters considered, covering a reasonable range of
values, and confirmed the validity of this finding. Also, based on the calculations, we derive a
range of allowed pattern speeds that yields a stable density wave at a given radius of a galaxy.
We apply thismethod to these three galaxies, and find that the observed pattern speed values
indeed fall in this prescribed range.
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§ 5.3 describes the formulationof the problemwhile § 5.4 presents the results. § 5.5 and
§ 5.6 contain the discussion and conclusion, respectively.
5.3 Formulation of the problem
We treat the galactic disk as a gravitationally coupled two-component (star plus gas) system,
where the stars are treated as a collisionless system and characterized by the surface density
Σ0s and the one-dimensional velocity dispersion σs. The gas is treated as a fluid, character-
ized by the surface density Σ0g and a one-dimensional velocity dispersion or sound speed σg.
Note that in any real galaxy, gas is seen to be present in both atomic (HI ) and molecular (H2)
hydrogen form, having different surface density (Young & Scoville, 1991; Bigiel & Blitz, 2012)
and velocity dispersion profiles (Tamburro et al., 2009). For the sake of simplicity, here we
treat gas as a single-component and study its effect on the dispersion relation. The galactic
disk is taken to be infinitesimally thin and the pressure acts only in the disk plane. In other
words, we are interested in gravitational perturbations in the disk plane only. We use the
cylindrical co-ordinates (R, φ, z).
5.3.1 Dispersion relation in theWKB limit
Consider the above systembeing perturbedby linear perturbations of the type exp[i (kr −ωt )],
where k is the wavenumber andω is the frequency of the perturbation. For such a system, the
dispersion relation in theWKB (Wentzel - Kramers - Brillouin) limit or the tightly wound case
is (Ghosh & Jog, 2015)
2πGΣ0s|k|F
(
ω−mΩ
κ ,
k2σ2s
κ2
)
κ2− (ω−mΩ)2
+
2πGΣ0g|k|
κ2− (ω−mΩ)2+σ2gk
2
= 1, (5.1)
where F is the reduction factor which physically takes into account the reduction in the self-
gravity of the disk arising due to the velocity dispersion of stars. The functional form of F
is as given in Binney & Tremaine (1987). Here, Ω is the angular frequency and κ is the local
epicyclic frequency at a given radius.
After some algebraic simplifications (for details see Ghosh & Jog, 2015), the dispersion
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relation (equation 5.1) reduces to
(ω−mΩ)2 =
1
2
{
(αs+αg)−
[
(αs+αg)
2
−4(αsαg−βsβg)
]1/2}
(5.2)
where,
αs = κ
2
−2πGΣ0s|k|F
(ω−mΩ
κ
,
k2σ2s
κ2
)
αg = κ
2
−2πGΣ0g|k|+k
2σ2g
βs = 2πGΣ0s|k|F
(ω−mΩ
κ
,
k2σ2s
κ2
)
βg = 2πGΣ0g|k| .
(5.3)
Now, we define two dimensionless quantities, s, the dimensionless frequency and x, the di-
mensionless wavenumber as
s = (ω−mΩ)/κ=m(Ωp −Ω)/κ, x = k/kcrit, (5.4)
where kcrit = κ
2/2πG(Σ0s+Σ0g). Substituting equation (5.4) in equation (5.2), we get the di-
mensionless form of the dispersion relation as (see equations (7) & (8) in Ghosh & Jog, 2015):
s2 =
1
2
[
(α′s+α
′
g)−
{
(α′s+α
′
g)
2
−4(α′sα
′
g−β
′
sβ
′
g)
}1/2]
(5.5)
where,
α′s = 1− (1−ǫ)|x|F (s,χ)
α′g = 1−ǫ|x|+
1
4
Q2gǫ
2x2
β′s = (1−ǫ)|x|F (s,χ)
β′g = ǫ|x|
(5.6)
and, χ= k2σ2s/κ
2 = 0.286Q2s (1− ǫ)
2x2. The three dimensionless parameters Qs, Qg, and ǫ are
respectively the ToomreQ factors for stars as a collisionless systemQs(=κσs/(3.36GΣ0s)), and
for gas Qg = (κσg/(πGΣ0g)) (Toomre, 1964), and ǫ =Σ0g/(Σ0s+Σ0g) is the gas mass fraction in
the disk.
Similarly, the one-component analogue of this dispersion relation is (Binney& Tremaine,
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1987)
s2 = 1−|x|F
(ω−mΩ
κ
,
k2σ2s
κ2
)
. (5.7)
The dispersion relations (equation (5.7) for stars-alone and equation (5.5) for the two-component
case) provide the information about how the dimensionless frequency s varies locally with
respect to the dimensionless wavenumber x. Note that the equations (5.5) and (5.7) are sym-
metric with respect to both s and x, hence we consider only their absolute values throughout
this paper. It is clear that the absolute value of s (|s|) ranges from 0 to 1, where s = 0 yields the
position of corotation (hereafter CR) and |s| = 1 gives the positions of Lindblad resonances
(Binney & Tremaine, 1987).
It has been shown that for anyQs > 1, there exists a zone between Lindblad resonance
and corotation, known as the forbidden region where the dispersion relation (equation (5.7))
has no real solution for |k|. Hence, the corresponding density wave solutions, that fall in that
range, will be evanescent, i.e. they will have complex wavenumber k, and they will either
decay or grow exponentially (Binney & Tremaine, 1987). A similar result holds when a two-
component system has real |s| solution.
A wavepacket, starting from the long-wave branch of the dispersion relation (|x| < 1),
travels inward with a negative group velocity and gets reflected from the edge of the forbid-
den region near the CR, and then start travelling radially outward in the short-wave branch
(|x| > 1) with a positive group velocity (see Figure 5.1) before finally being absorbed at a large
wavenumber by a process similar to Landau damping (Binney & Tremaine, 1987).
5.3.2 Method
Note that, in the density wave theory, the pattern speed of the grand-design two-armed spiral
structure, Ωp (= ω/m; m = 2 here for spirals) is treated as a free parameter (e.g. Lin & Shu,
1966), and its value is obtained from observations. Thus, for a given observed value ofΩp and
from the observed rotation curve, the dimensionless frequency |s| (=m|Ωp −Ω|/κ) (equation
(5.4)), has a definite value at a certain radiusR , say |s|obs. Therefore, for getting a stable density
wave, the observationally found |s|obs value should fall in the allowed range of |s|,derived from
the dispersion relation, both obtained at the same radius. In other words, the horizontal line
|s| = |s|obs should cut the plot of |s| versus |x| at that radius, to yield a stable wave solution (i.e.
a real solution for |k|), otherwise it will give an evanescent density wave solution.
We define |s|cut−off as the lowest possible value of |s| for which one is able to get a stable
wave solution from the dispersion relation at a given radius R . We set |s|cut−off as the lowest
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Figure 5.1: The dimensionless frequency |s| versus the dimensionless wavenumber |x| from
the dispersion relation for the stars-alone case (equation (5.7)), plotted for Qs = 1.7. Since
the dispersion relation is symmetric in both s and x, only their absolute values are shown
here. The arrows denote the direction of propagation of a typical density wavepacket. The
horizontal line |s| = |s|cut−off indicates the lowest possible value of |s|, for which one can get a
stable wave solution.
|s|-value, where the plot of the dispersion relation turns around (equation (5.5) or equation
(5.7), whichever is applicable). In other words, |s|cut−off indicates the edge of the forbidden
region. A typical example of how |s|cut−off is obtained from a dispersion relation for a stars-
alone case, is shown in Figure 5.1. For the sake of illustration,we assumeQs = 1.7, as observed
in the solar neighbourhood (Binney & Tremaine, 1987).
Thus, if the following inequality holds for a certain radius R :
|s|obs ≥ |s|cut−off (5.8)
then one can say that the observed pattern speed will give a stable density wave, and the
dispersion relation will have real solution for |k|. Throughout this paper, |s|cut−off will be used
for making quantitative statements regarding the existence of stable solutions.
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5.4 Results
5.4.1 Input parameters
Weconsider three galaxies forwhich theobservational values for the input parameters,namely
the pattern speed and the rotation curve, are available in the literature.
NGC 6946
This is a barred grand-design spiral galaxy with the Hubble type Scd. It has an angle of incli-
nation 380 (Carignan et al., 1990; Boomsma, 2007) and it is located at a distance of 5.5 Mpc
(Kennicutt et al., 2003). The pattern speed of the main m = 2 gravitational perturbation i.e.
the large oval and the two prominent spiral arms, is measured to be 22+4
−1 km s
−1 kpc−1 by
Fathi et al. (2007), using the TW method. They also derived the locations of different reso-
nance points (see table 2 there). The HI rotation curve is taken from Boomsma (2007). The
exponential disk scalelength is measured as 1.9 arcmin or 3.3 kpc, where 1 arcmin = 1.75 kpc
(Carignan et al., 1990).
NGC 2997
This is a grand-design spiral galaxy of the Hubble type Sc (Milliard & Marcelin, 1981). The
pattern speed of the grand-design spiral structure is measured to be 16 km s−1 kpc−1 by
Grosbol & Dottori (2009), by using themeasurement of azimuthal age-gradient of newly formed
stars. The rotation curve is taken from Peterson (1978). The exponential disk scalelength is
measured as 4.0 kpc (Grosbol, Block, & Patsis, 1999)
M51 (NGC 5194)
This is a face-on spiral galaxy of the Hubble type Sc and is located at a distance of 9.6 Mpc
(Sandage & Tammann, 1975), in close interaction with NGC 5195. The pattern speed of the
spiral structure is measured to be 38 km s−1 kpc−1 by Zimmer, Rand &McGraw (2004), using
CO as a tracer and by applying the TW method. The rotation curve for M 51 is found to be
steeply rising up to ∼ R = 25 arcsec and then for R > 25 arcsec it saturates to 210 km s−1
(Rand, 1993), where 1 arcsec = 46.5 pc, assuming a distance of 9.6Mpc (Sandage & Tammann,
1975). The observed rotation curve and the observed pattern speed together place the CR at a
distance of 5.5 kpc. The exponential disk scalelength is measured in various wavelengths and
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is found to vary from 4.36 kpc in B band to 3.77 kpc in R band (Beckman et al., 1996). We took
a mean value of 4.0 kpc for the present purpose.
5.4.2 Stars-alone case
We first investigate whether a disk, consisting only of stars, can support a stable density wave
for the observed values of pattern speed in different galaxies. To do this, first we obtained |s|obs
at a radius of 2Rd, Rd being the exponential disk scalelength, in each of these three galaxies.
The choice of 2Rd is made because the spiral structure is typically seen in the middle part of
an optical disk whose size is ∼ 4-5 Rd (e.g. Binney &Merrifield, 1998). We found that the |s|obs
values for NGC 6946, NGC 2997, andM 51 are 0.38, 0.44, and 0.63, respectively.
Now to check whether the inequality given in equation (5.8) is satisfied or not, we need
to calculate the |s|cut−off value from the dispersion relation (equation (5.7)) for these galaxies.
Note that the calculation of |s|cut−off from the dispersion relation requires the knowledge of
Qs, and the values ofQs at different radii for a galaxy are not known observationally for most
galaxies. We assumeQs to be constant with R for simplicity, but in reality its values will vary
(e.g., see Ghosh & Jog, 2014; Jog, 2014). Further, for a theoretical study, we varied the value
of this radially constant Qs from 1.3 to 2.0, while 1.7 is the typical value in the solar neigh-
bourhood (Binney & Tremaine, 1987). The plot of the resulting |s|cut−off versusQs is shown in
Figure 5.2.
From Figure 5.2, we see that the |s|cut−off value increases steadily with the increase of
Qs, thereby implying a steady increase in the forbidden region around the CR as theQs value
increases.
On comparing the |s|obs values that we obtained for both NGC 6946 and NGC 2997,
with Figure 5.2, we find that the inequality given by equation (5.8) is not satisfied for any
value of Qs, considered here. Thus, the dispersion relation for a purely stellar disk does not
yield a real solution for |k| and hence it does not yield a stable density wave corresponding
to the observed pattern speeds of both these galaxies. For M 51, the stars-alone case barely
supports a stable density wave whenQs = 1.5, but if it is set to a value larger than 1.5, then the
stars-alone case no longer supports a stable density wave for the observed pattern speed.
5.4.3 Stars plus gas case
We next include the interstellar gas, which has a low velocity dispersion as compared to the
stars, in the system, and study whether the inclusion of gas helps in getting a stable wave
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Figure 5.2: |s|cut−off, the lowest values of the dimensionless frequency for which a stable den-
sity wave solution is possible, plotted as a function ofQs , obtained from the one-component
dispersion relation (equation 5.7). The resulting |s|cut−off value shows a steady increase with
Qs, thereby implying an increase in the forbidden region.
solution for the observed pattern speeds. First, we investigated how the values of |s|cut−off
change with different values for the three parametersQs, Qg, and ǫ. We variedQs from 1.3 to
2.0 and ǫ from 0.1 to 0.25. In each case we fix Qg, and then compute |s|cut−off from equation
(5.5), as a function ofQs, and repeat this procedure for different values of ǫ. For comparison,
we replotted the |s|cut−off values for the stars-alone case, as a function of Qs. The result for
Qg = 1.5 is shown in Figure 5.3. From Figure 5.3, it is clear that with the inclusion of more
gas (i.e. higher ǫ value), the |s|cut−off value steadily decreases. This holds true for the above-
mentioned range ofQs values, at a givenQg. In other words, a larger value of gas fraction (ǫ)
helps to decrease the forbidden region around the CR, and thus allowing a higher range of
permitted pattern speeds (for details see § 5.4.4). For the other values of Qg in the range of
1.4–1.8, we got a similar trend, hence we do not produce them here.
Now, we investigate the dynamical effect of gas on the grand-design spiral structures
for the three specific galaxies, chosen for this work. The value of |s|cut−off is obtained from
the dispersion relation for a two-component system (equation (5.5)) for a set of values for the
three dimensionless input parameters (Qs,Qg, ǫ). The values used areQs = 1.5 andQg = 1.5 for
the stars plus gas case, andQs = 1.5 for the stars-alone case, with ǫ= 0.25 forNGC 6946 and ǫ=
0.15 for NGC 2997 and M 51, as typical for their Hubble types (see figure 5, Young & Scoville,
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Figure 5.3: |s|cut−off, the lowest values of the dimensionless frequency for which a stable den-
sity wave solution is possible for the two-component case, plotted as a function ofQs, for dif-
ferent gas fractions (ǫ) andQg = 1.5. The labels used for different gas fractions are as indicated
in the legend. With increasing gas fraction, the |s|cut−off decreases steadily for the whole range
ofQs considered here. Thus the extent of the forbidden region decreases with increasing gas
fraction.
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1991). Then, we checked whether or not the value of |s|cut−off obtained theoretically from
the dispersion relation for the above input parameters, and the value of |s|obs obtained from
observations satisfy the inequality in equation (5.8). The results for NGC 6946, NGC 2997, and
M 51 are shown in Figure 5.4, Figure 5.5, and in Figure 5.6, respectively.
Since, the above values of Qs and Qg are chosen in a somewhat ad hoc way, hence for
each galaxy, we next study the variation in the dispersion relation for a reasonable range of
Qs and Qg values, Qs = 1.5, 1.6, 1.7 and Qg = 1.4, 1.5, 1.6 and 1.7. The typical gas fraction
value, chosen as per theHubble type of any individual galaxy (for details see Young & Scoville,
1991) is kept constant. We found that, for a fixed ǫ, there is a strong variation in the behaviour
of the dispersion relation for different Qs values, as compared to the different Qg values. A
higher gas fraction (ǫ) would be expected to change the results substantially, as suggested by
Jog & Solomon (1984a, see figure 3 there), but here we have kept ǫ constant as typical for a
given Hubble type.
Figure 5.4, and Figure 5.6 show that for NGC 6946 and M 51, the |s|obs value lies above
the |s|cut−off value for the star-gas system, thus the inequality given by equation (5.8) is satis-
fied, and this is true for the whole range of parameter space considered here. Thus, the stars
plus gas case allows a stable solution. For NGC 2997, the inequality given by equation (5.8)
is satisfied only for Qs = 1.5. For a Qs value higher than 1.5, even the addition of gas in the
two-component system no longer admits a stable density wave (see Figure 5.5). In contrast,
for Qs < 1.5, the two component system admits a stable density wave solution. This can be
seen from the result that asQs decreases, the |s|cut−off for the stars plus gas also decreases, so
that the forbidden region is smaller (see Figure 5.3).
Hence, the galactic disk when treated as a gravitationally coupled stars plus gas system,
with the observed gas fraction, allows a stable wave solution for the observed pattern speed,
for most of the parameter ranges considered here. This is the main finding from this paper.
Interestingly, we see that for both NGC 6946 and NGC 2997 (Figure 5.4 & Figure 5.5 (a)),
the observed value of |s|obs is close to the |s|cut−off value which is obtained theoretically from
the dispersion relation for the stars plus gas case (equation (5.5)), but not the |s|cut−off value
obtained for the stars-alone case (equation (5.7)). Note that the curve for the dispersion rela-
tion for stars-alone case lies above that for the stars plus gas case, so if the pattern speed were
such that the corresponding observed |s|obs were to be greater than |s|cut−off value for the
stars-lone case it would also be greater than the cut-off value for the two-component case.
Thus, if a pattern speed value gives a stable density wave solution for a one-component case,
it will also give so for the two-component case. Also the observed value of |s|obs lies close to
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Figure 5.4: NGC 6946 : Dispersion relations for stars-alone (S) and stars plus gas (S + G) cases,
plotted in a dimensionless form, for a range of Qs and Qg values, at R = 2Rd. Panel (a) for
Qs = 1.5, panel (b) forQs = 1.6, and panel (c) forQs = 1.7. In each panel,Qg is taken to be 1.4,
1.5, 1.6, and 1.7, successively. The corresponding dispersion relations are shown from bottom
to top. The horizontal line indicates the value |s|obs, derived from the observed pattern speed
and the rotation curve. Here in all the cases, the two-component case allows a real solution
for |k| and thus a stable density wave solution for the observed value of the pattern speed, but
this is not true for the stars-alone case.
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Figure 5.5: NGC 2997 : Dispersion relations for stars-alone (S) and stars plus gas (S + G) cases,
plotted in a dimensionless form, for a range of Qs and Qg values, at R = 2Rd. Panel (a) for
Qs = 1.5, panel (b) forQs = 1.6, and panel (c) forQs = 1.7. In each panel,Qg is taken to be 1.4,
1.5, 1.6, and 1.7, successively. The corresponding dispersion relations are shown from bottom
to top. The horizontal line indicates the value |s|obs, derived from the observed pattern speed
and the rotation curve. Here for Qs = 1.5, the two-component case, but not the stars-alone
case, allows a stable density wave solutionwhile for other values ofQs, none of the stars-alone
and two-component case allows a stable density wave for the observed value of the pattern
speed.
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Figure 5.6: M 51 : Dispersion relations for stars-alone (S) and stars plus gas (S + G) cases,
plotted in a dimensionless form, for a range of Qs and Qg values, at R = 2Rd. Panel (a) for
Qs = 1.5, panel (b) forQs = 1.6, and panel (c) forQs = 1.7. In each panel,Qg is taken to be 1.4,
1.5, 1.6, and 1.7, successively. The corresponding dispersion relations are shown from bottom
to top. The horizontal line indicates the value |s|obs, derived from the observed pattern speed
and the rotation curve. Here for Qs = 1.5, both the two-component case and the stars-alone
case, allow a stable density wave solution, but for larger values ofQs, only the two-component
case allows a stable density wave for the observed value of pattern speed.
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the two-component |s|cut−off value (but seeM 51), and this means that a galaxy seems to ‘pre-
fer’ to have a pattern speed that is indicated by the stars-plus-gas case for the observed gas
fraction.
This can be explained as follows.
A joint two-component system is more unstable to the growth of perturbations or is
closer to being unstable than the stars-alone case (Jog & Solomon, 1984a), and this results in
a lower cut-off |s|cut−off for the two component case than the stars-alone case. If the galactic
diskwere subjected to perturbations having a range of values for pattern speeds (say as arising
due to a tidal interaction), then the perturbation most likely to be amplified in a galaxy is
the one for which the dimensionless frequency |s|cut−off has the lowest value, as this would
correspond to the fastest growing perturbation.
This indicates that the inclusion of even 15 to 25 per cent gas fraction by mass has a
non-trivial effect on the determination of the pattern speed that a galaxy is likely to have. The
value of the pattern speed, along with the rotation curve, sets the locations of the Lindblad
resonances in the disk. These are important in determining the secular evolution of galactic
disk via angular momentum transport (Lynden-Bell & Kalnajs, 1972). Thus, our work shows
that the gas is important in setting the observed pattern speed in a galaxy and hence it plays
a crucial role in future dynamical evolution of a galactic disk.
We caution that the assumption of tight-winding (or, WKB limit), which played the cru-
cial role in deriving the dispersion relations in equation (5.5) and equation (5.7), is suspect
for the long-wave branch (|x| < 1). This is important especially for NGC 2997, where the real
solution (|x|), i.e. where the line |s| = |s|obs cuts the dispersion relation, is less than 2 (see
Figure 5.5). To verify the validity of the tight-winding limit in a more quantitativemanner for
all three galaxies considered here, we calculated the quantity X , at a radius R equals to 2Rd,
where X is defined as follows
X =
κ2R
2πGmΣtot
, (5.9)
Σtot denotes the sum of the surface densities of the stellar and the gaseous components and
m (= 2, here) denotes the number of spiral arms. For the gas surface density tending to zero, it
reduces to the usual X , defined for the one-component stellar case,as expected (for details see
Binney & Tremaine, 1987). The quantity X denotes the cotangent of the pitch angle of waves
of the critical wavenumber kcrit and X ≫ 1 implies that the spiral arm is tightly wound, and
hence the tight-winding approximation holds good (Binney & Tremaine, 1987). We followed
the following prescription for calculating the quantity X .
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Table 5.1: Values for X for three galaxies, calculated at R = 2Rd
Galaxy R κ Σg ǫ Σtot X
name (kpc) (km s−1 (M⊙ M⊙
kpc−1) pc −2) pc −2)
NGC 6946 6.6 42.4 22.4 0.25 89.6 2.3
NGC 2997 8.0 32.7 8.3 0.15 55.3 2.7
M 51 8.0 37.1 10 0.15 66.7 2.9
For a given gas fraction ǫ and for an observed gas surface density at a given radius R , we can
obtain the total surface density at that radius. Further from the observed rotation curve, the
epicyclic frequency κ at R = 2Rd is obtained. The total gas surface density for NGC 6946 is
taken from Crosthwaite & Turner (2007) and for M 51, it is taken from Schuster et al. (2007). A
similar distributionof the total gas surface density for NGC 2997, as a function of radius, is not
available in the literature, to the best of our knowledge. So for this case, we used the following
technique to have an estimate of gas surface density. TheHI observations for NGC 2997 gives
a total HI mass of 4.2× 109 M⊙, which extends over an area havingmean diameter of 31.2 kpc
(Kodilkar, Kantharia & Ananthakrishnan, 2011). This, in turn, gives ameanHI surface density
of 5.5M⊙ pc
−2 for NGC 2997. Now assuming a constant value of 0.5 for the ratio of mass inHI
to mass in H2 (for details see Young & Scoville, 1991), we get the mean surface density of H2.
Then this total mean surface density is used in equation (5.9) to derive the quantity X . The
results for value of X for the three galaxies are given in Table 5.1.
From Table 5.1, we see that the values of X is greater than 1, thus the tight-winding
approximation is satisfied, though not by a comfortablemargin.
5.4.4 A general constraint on pattern speeds
For a collisionless disk, the density wave can exist only in the regions where
Ω−κ/2≤Ωp ≤Ω+κ/2 (5.10)
holds, and the equality holds only at the resonance points.
Here in this section, we use our technique based on the calculation of |s|cut−off to con-
strain the range of allowed pattern speed for them = 2, grand-design spiral structure, which
will give a stable density wave. The prescription is as follows.
First, we consider Qs values in the range from 1.3 to 2.0 and Qg also in the range from
1.4 to 1.8. The gas-fraction, ǫ, is varied from 5 to 25 per cent of the total disk mass, depending
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on the Hubble-type of a particular galaxy. Then for a fixed value of ǫ, we obtained the value of
|s|cut−off for the whole range ofQs andQg considered here. We found that for the gas-fraction
of 5 per cent, the gas does not contribute much towards getting a stable density wave, but
as the gas-fraction increases steadily, the effect of gas becomes more prominent. However,
galaxies having ǫ > 25 per cent mainly show a flocculent spiral structure and do not generally
host a grand-design spiral structure (Elmegreen et al., 2011). Considering the above points,
we have restricted the value of ǫ from 10 to 25 per cent.
Now suppose, at a certain radius R for a particular galaxy, one knows the value of ǫ, and
one can make a reasonable choice for the values ofQs andQg. Then from these parameters,
we can obtain the value of |s|cut−off, call itα. Then, to get a stable wave, the pattern speed (Ωp)
has to satisfy equation (5.8) with |s|obs being replaced by |s|. This in turn gives
s ≥α or s ≤−α (5.11)
i.e.
Ωp ≥Ω+
ακ
2
or Ωp ≤Ω−
ακ
2
(5.12)
depending upon whether one is outside the CR or inside the CR. Now combining inequalities
as given in the equations (5.10) and (5.12), we can say that when one is inside the CR then the
allowed range of pattern speed would be (Ω−κ/2,Ω−ακ/2) and when one is outside the CR
then the allowed range would be (Ω+ακ/2,Ω+κ/2).
We applied this technique to the three galaxies considered here, at R = 2Rd , usingQs =
1.5 andQg = 1.5 that were used as a set of parameters in Figure 5.4, Figure 5.5 and Figure 5.6.
For NGC 6946 andNGC 2997, R = 2Rd lies inside the CR, and forM 51, R = 2Rd lies outside the
CR. Hence following the above prescription, the predicted range of allowed pattern speeds
that give a stable density wave, would be (Ω−κ/2, Ω−ακ/2) for NGC 6946 and NGC 2997,
and for M 51, predicted range of allowed pattern speeds would be (Ω+ακ/2, Ω+κ/2). The
results are summarized in Table 5.2. We check that the observed values of the pattern speed,
22 km s−1 kpc−1 for NGC 6946, 16 km s−1 kpc−1 for NGC 2997, and 38 km s−1 kpc−1 for M 51,
do indeed lie within the respective range of allowed pattern speeds obtained theoretically.
We then varied Qs from 1.3 to 2.0 and Qg from 1.4 to 1.8 to see what ranges of these
two parameter will allow the observed pattern speed of three galaxies, to fall in the range
predicted from our theoretical work, and thus give a stable density wave solution. These are
summarized in Table 5.3.
We note that a lower value ofQs orQg than their respectiveminima chosen herewill give
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Table 5.2: Range of allowed pattern speeds for NGC 6946, NGC 2997 &M 51 at R = 2Rd
Galaxy Ω κ ǫ observed α Lower Upper
name (km (km (gas Ωp bound onΩp bound onΩp
s−1 s−1 (km s−1 (km s−1 (km s−1
kpc−1) kpc−1) fraction) kpc−1) kpc−1) kpc−1)
NGC 6946 30.0 42.4 0.25 22 0.17 8.8 26.4
NGC 2997 23.1 32.7 0.15 16 0.42 6.8 16.2
M 51 26.2 37.1 0.15 38 0.42 34.0 44.8
Table 5.3: Ranges ofQs andQg for three galaxies, that give a stable wave solution
Galaxy ǫ R(= 2Rd) Range in Range in
name (kpc) Qs Qg
NGC 6946 0.25 6.6 1.3 - 1.7 1.4 - 1.8
NGC 2997 0.15 8.0 1.3 - 1.5 1.4 - 1.8
M 51 0.15 8.0 1.3 - 1.9 1.4 - 1.8
an even smaller forbidden region, hence the observed pattern speed would be also permitted
forQs < 1.3 andQg < 1.4.
It is interesting to note that for NGC 6946, the allowed range for the pattern speed for a
stable wave is obtained to be 8.8–17.1 km s−1 kpc−1 for stars-alone case, while the observed
pattern speed 22 km s−1 kpc−1 clearly lies outside this allowed range. Similarly, for NGC 2997,
the allowed range for the stars-alone case is calculated to be 6.8–13.5 km −1 kpc−1, while again
the observed pattern speed 16 km s−1 kpc−1 lies outside this permitted range. Thus, real galax-
ies seem to have pattern speed values that lie beyond the values required for a stable solution
for the stars-alone case. The presence of gas pushes the galaxy to adopt a pattern speedwhich
is higher than the stars-alone case. Thus, the inclusion of gas will have effect in setting the
pattern speed and thus in turn will effect the secular evolution of the disk galaxy (see § 5.4.3).
We also illustrate the effect of gas on pattern speeds in anotherway. Supposewe were to
artificially decrease the gas fraction in NGC 6946 to be 15 per cent, then the allowed range for
the pattern speeds is obtained to be 8.8–20.8 km −1 kpc−1 – this does not cover the observed
pattern speed of 22 km s−1 kpc−1. Thus, the actual value of gas mass fraction (ǫ) also matters
in setting the value of pattern speed. The real galaxies studied seem to have pattern speeds
that are close to the upper value in the allowed range, or in other words when |s|obs is just
higher than |s|cut−off (see the discussion in § 5.4.3).
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5.5 Discussion
Here, we mention a few points regarding this current work. First, the shape of the dispersion
relation and hence the value of |s|cut−off is largely dependent on the values of the parameters
(Qs, Qg, ǫ) chosen. Note that, for most of the galaxies, the observed radial profiles for Qs
and Qg are not available. Consequently, one has to rely on educative guesses for these two
Q-values, as we have done here. If the actual observed values for Qs and Qg are known, the
findings of this paper can be put in a more accurate way.
Secondly, the density wave corresponding to the observed pattern speed may not be
long lasting. In fact, some of the past N- body simulations of spiral galaxies have showed that
the spiral arms fade out quickly in time (Dobbs & Baba, 2014). However, when a stellar disk
is represented with sufficiently higher number of particles (∼ orders of 108), the spiral struc-
ture in the simulations lasts for a time-scale of about aHubble time,because in these cases the
Poisson noise of the system isminimized (Fuji et al., 2011;D’Onghia, Vogelsberger, & Hernquist,
2013). But, in general, N-body simulations of spiral galaxies show that an individual spi-
ral arm is transient and gets wound up, which is at odds with a classical long-lived quasi-
stationary densitywave scenario (Sellwood, 2011; Grand, Kawata, & Cropper, 2012; Baba, Saitoh, &Wada,
2013). The spiral structures could be more complex, for example, there is evidence that some
galaxies could show either a long-lived spiral pattern or a short-lived pattern,or a galaxy could
exhibit both types of patterns, e.g. see the discussion in Siebert et al. (2012).
Thirdly, all the results presented in this work, are based on the assumption of the ex-
istence of a quasi-stationary density wave that rotates in the galactic disk with a constant
pattern speed. However, observational studies by Foyle et al. (2011) for a sample of 12 nearby
late-type star-forming galaxies and by Ferreras et al. (2012) for NGC 4321 did not find any
angular off-set in age as predicted by the classical density wave theory. This shows that the
density wave theory does not seem to be applicable for these galaxies.
Finally, note that, the results presented here are based on a local calculation, whereas
the density wave extends over a large range of radii in the galactic disk. The results indicate
that gas may have a significant effect on the spiral arms for the large-scale as well. A global
modal analysis for a gravitationally coupled two-component (star plus gas) galactic disk to
study the effect of the gas on large-scale spiral arms will be taken up in a future study.
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5.6 Conclusion
In summary, we have shown that the inclusion of gas is essential to get a stable density wave
solution corresponding to the observedpattern speed in a spiral galaxy. Weuse a two-component
(stars plus gas) dispersion relation for a galactic disk, and assume reasonable gas fraction and
ToomreQ values for stars and gas. Then, we check whether the theoretical dispersion relation
permits a real |k| solution (or a stable wave) for the observed rotation curve and the pattern
speed. Three galaxies of different Hubble type, NGC 6946, NGC 2997, and M 51, are chosen
for which the pattern speed values of the grand-design spiral structure and the rotation curves
are known from observations. We show that for both NGC 6946 and NGC 2997, at a radius of
two disk scalelengths, the stars-alone case is not able to produce a stable density wave corre-
sponding to the observed pattern speeds, while for M 51, stars-alone case barely supports a
stable density wave. One has to include the observed gas fraction in the study, in order to get
a stable density wave for these pattern speeds. This is the main result from this work. Since
these galaxies are typical representatives of their Hubble type, we expect that this finding will
hold true for other grand-design spiral galaxies as well.
Based on the technique used here, we obtain a theoretical range of allowed pattern
speeds that give a stable density wave at a certain radius of a galaxy. We apply this technique
to the three galaxies considered here, and find that the observed pattern speeds of these three
galaxies indeed fall in the respective prescribed range.
We show that the inclusion of even 15 to 25 per cent gas by mass fraction has a signif-
icant dynamical effect on the dispersion relation and hence on the pattern speed which is
likely to be seen in a real, gas-rich galaxy. The resulting allowed range of pattern speeds is
higher in presence of gas. The value of pattern speed affects the angular momentum trans-
port. Thus, the gas plays a crucial role in the secular evolution of a galaxy. The effect of gas on
the large-scale spiral structures will be investigated in a future study.
5.7 Appendix
5.7.1 Application to the Galaxy
Earlier in this chapter, using different observational inputs we have shown for three late-type
disk galaxies (NGC 6946, NGC 2997, M 51) that the inclusion of interstellar gas is needed in
order to obtain a stable density wave corresponding to the observed values of the pattern
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Table 5.4: Range of allowed pattern speeds for the Galaxy at R = 2.5Rd
Galaxy Ω κ ǫ observed α Lower Upper
name (km (km (gas Ωp bound onΩp bound onΩp
s−1 s−1 (km s−1 (km s−1 (km s−1
kpc−1) kpc−1) fraction) kpc−1) kpc−1) kpc−1)
The Galaxy 27.5 38.9 0.2 18 0.46 8.1 18.6
speed for the spiral arms. Here we check this for our Galaxy also for which the pattern speed is
measured and in addition to that other parameters such as the rotation curve and the amount
of interstellar gas present in the Galaxy are relatively well-known.
In the section, we apply the technique for studying the effect of the interstellar gas on
getting a stable density wave for the observed pattern speed for theGalaxy. The rotation curve
and the disk scalelength are taken fromMera, Chabier & Schaeffer (1998). The pattern speed
for the spiral arm in the Galaxy is measured to be 18 km s−1 kpc−1 (Siebert et al., 2012). We
perform this exercise at R = 8 kpc, near the solar neighborhood, which is equal to 2.5 times
of the disk scalelength. We took Qs = 1.7, Qg = 1.5, and ǫ = 0.2 for this chosen radius. The
resulting effect of the interstellar gas is shown in Figure 7.3.
Since, the above values of Qs and Qg are chosen in a somewhat ad hoc way, hence for
the Galaxy, we next study the variation in the dispersion relation for a reasonable range ofQs
andQg values, Qs = 1.5, 1.6, 1.7 and Qg = 1.4, 1.5, 1.6, and 1.7, while keeping the gas fraction
(ǫ) fixed at 0.2. The result is summarized in Figure 5.7.
We next calculated the quantity X using the input parameters used in plotting the dis-
persion relation in Figure 5.7. We found that at R = 8 kpc, X = 4.2, indicating that the WKB
approximation is satisfied here also, though not by a very comfortablemargin.
Next we derive a range of pattern speeds that would allow the system to sustain a stable
density wave. Here also we employ the same set of input parameters (Qs = 1.7, Qg = 1.5, ǫ =
0.2) to derive the value of α theoretically from the dispersion relation. Note that, for this case,
R= 2.5 Rd lies within the CR, therefore the allowed range of pattern speeds would be (Ω−κ/2,
Ω−ακ/2). The results are given in Table 5.4.
It is clear from Table 5.4 is that the observed pattern speed falls in this theoretically
predicted range. Thus, the results for our Galaxy confirm the results obtained in the earlier
part of this chapter for other galaxies, namely, the observed gas fraction needs to be included
in order to have a stable density wave corresponding to the observed pattern speed.
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Figure 5.7: The Galaxy : Dispersion relations for stars-alone (S) and stars plus gas (S + G)
cases, plotted in a dimensionless form, for a range of Qs and Qg values, at R = 2.5 Rd. Panel
(a) for Qs = 1.5, panel (b) for Qs = 1.6, and panel (c) for Qs = 1.7. In each panel, Qg is taken
to be 1.4, 1.5, 1.6, and 1.7, successively. The corresponding dispersion relations are shown
from bottom to top. The horizontal line indicates the value |s|obs, derived from the observed
pattern speed and the rotation curve. Here for the whole ranges of Qs and Qg, the stars plus
gas system allows a stable density wave corresponding to the observed pattern speed, but in
none of these cases the stars-alone system allows a stable wave solution.
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6. Effect of dark matter halo on global spi-
ral modes in galaxies 1
6.1 Abstract
Low surface brightness (LSB) galaxies form a major class of galaxies, and are characterized
by low disk surface density and low star formation rate. These are known to be dominated
by dark matter halo from the innermost regions. Here, we study the role of dark matter halo
on the grand-design, m = 2, spiral modes in a galactic disk by carrying out a global mode
analysis in the WKB approximation. The Bohr–Sommerfeld quantization rule is used to de-
termine howmany discrete global spiral modes are permitted. First, a typical superthin, LSB
galaxy UGC 7321 is studied by taking only the galactic disk, modeled as fluid; and then the
disk embedded in a dark matter halo. We find that both cases permit the existence of global
spiral modes. This is in contrast to earlier results where the inclusion of dark matter halo was
shown to nearly fully suppress local, swing-amplified spiral features. Although technically
global modes are permitted in the fluid model as shown here, we argue that due to lack of
tidal interactions, these are not triggered in LSB galaxies. For comparison, we carried out a
similar analysis for the Galaxy, for which the dark matter halo does not dominate in the inner
regions. We show that here too the darkmatter halo has little effect, hence the disk embedded
in a halo is also able to support global modes. The derived pattern speed of the global mode
agrees fairly well with the observed value for the Galaxy.
1Ghosh, Saini & Jog, 2016, MNRAS, 456, 943
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6.2 Introduction
Various surveys on galaxy morphology have revealed that the spiral arms, making a spectac-
ular visual impression, are mainly of two types, namely, grand-design spiral arms and floc-
culent arms. It is also found that the fractional abundance of these two types varies with the
Hubble type (Elmegreen et al., 2011). The origin and maintenance of these features has been
extensively studied over the past five decades, though many aspects are still not fully under-
stood. In general, the grand-design spiral features are explained as density waves, governed
mainly by gravity (Lin & Shu, 1964, 1966), whereas the flocculent spiral features are material
arms, caused by swing amplification (Goldreich & Lynden-Bell, 1965; Toomre, 1981).
A major class of galaxies are the so-called low surface brightness (LSB) galaxies, which
are characterized by low star formation rate (Impey & Bothun, 1997), and low disk surface
density (de Blok &McGaugh, 1996; de Blok et al., 2001). LSB galaxies do not showgrand-design
spiral structure. These can show spiral structure but it is fragmentary, extremely faint, and
difficult to trace (Schombert et al., 1990; McGaugh et al., 1995; Schombert et al., 2011). The
LSBs are dark matter dominated starting right from the very inner radii (Bothun et al., 1997;
de Blok &McGough, 1997; de Blok et al., 2001; Combes, 2002; Banerjee et al., 2010). This as-
pect of darkmatter dominance is different from that seen in case of normal spiral galaxies. For
example, in the LSBs, the darkmatter constitutes about 90 percent of the totalmasswithin the
optical disk, whereas for the ‘normal’ or High Surface Brightness (HSB) galaxies, such as the
Milky Way, the contribution of stellar mass and dark matter halo mass is comparable (e.g.
de Blok et al., 2001; Jog, 2012) within the optical disk. In the Milky Way and other HSB galax-
ies, the darkmatter dominates only in regionsway outside the optical disk. Consequently, the
LSB galaxies naturally offer a good place for probing the effect of the dark matter halo on the
dynamics of a galactic disk. We caution that we only consider the small size LSBs which are
more common, and do not discuss giant LSBs like Malin1. The latter sub-class have massive
disks and show fairly strong spiral arms as in UGC 6614 (Das, 2013).
In the literature, several studies have demonstrated that the darkmatter halo has a pro-
found effect on various dynamical properties of LSBs. For example, early numerical simula-
tion by Mihos et al. (1997) showed that the dominant dark matter halo and the low surface
density make the LSB galaxies stable against the growth of global non-axisymmetric modes
such as bars. Further, there exists a subclass of LSBs, namely, superthin galaxies. A study by
Banerjee & Jog (2013) showed that the superthin property is explained by a dense, compact
halo that dominates from the innermost regions.
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A recent work by Ghosh & Jog (2014) showed that a dark matter halo that is dominant
from the innermost regions makes the galactic disk stable against both local, axisymmetric
and non-axisymmetric perturbations, by making the Toomre Q parameter very high (> 3).
This suppresses the swing amplification process, thereby explaining the observed lack of star
formation and lack of strong small-scale spiral features in LSB galaxies. But the role of dark
matter has not been studied so far in the context of grand-design spiral structure. Motivated
by the results for small-scale spiral structures, here we plan to study the effect of dark matter
halo in the context of global spiral modes.
The idea that spiral patterns could be long-lived density waves was first proposed by
Lin & Shu (1964). In this hypothesis the spiral pattern is a rigidly rotating densitywave through
which differentially-rotating stars and gas can flow. The pattern is maintained by the self-
gravity and pressure of the density wave self-consistently. The pattern retains its shape over
long periods of time without suffering the winding problem. Investigation of self-sustaining
density waves in a disk is essentially a problem of wave-mechanics in a differentially rotat-
ing, self-gravitating disk. However, the long-range nature of gravitational interaction makes
studying themdifficult due to the non-local gravitational interactions between different parts
of the perturbed disk.
A very useful approach for studying the dynamics of disks is the tight-winding approxi-
mation. This approximationmakes the gravitational effects of the density perturbation local.
For a wave-like, non-axisymmetric, small amplitude perturbation, the temporal oscillation
frequencyω can be obtained as a function of the radial wavevector k, the radial coordinate R ,
and the azimuthal wavenumberm, known asWKB (Wentzel - Kramers - Brillouin) dispersion
relation (see, e.g., Chapter 6 of Binney & Tremaine, 1987, for derivation and applications). The
same local dispersion relation can also be used to construct global standing-wave like solu-
tions through the Bohr-Sommerfeld quantization condition. In the past, this approach has
been used by Bertin & Romeo (1988), Shu et al. (1990); andmore recently by Tremaine (2001),
Saini et al. (2009), Gulati et al. (2012) form = 1 modes. Here, we are using this alternative ap-
proach to investigate the role of dark matter on the existence of large-scale spiral patterns in
a disk galaxy.
In this paper, we investigate the number of allowed discrete global mode(s)—the term
is used as a proxy for the grand spiral arms—within theWKB approximation, using the Bohr–
Sommerfeld quantization condition. We treat the stellar disk as a fluid, which allows a consid-
erably simple analytical dispersion relation. This assumption is good so long as one is away
from the resonance points (although see § 6.5.1). However, we remove the artifacts, intrinsi-
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cally associated with the fluid approximation, where necessary (for details see § 6.4.1). Our
analysis is carried out for UGC 7321, a superthin, LSB galaxy, first for a stellar disk alone and
then for a disk embedded in a dark matter halo. We find that in both the disk-alone and disk
plus halo models, global spiral modes are present i.e. based on this linear calculation and
under fluid approximation, dark matter does not produce any significant change for global
spiral modes. Similarly, we followed the same course of modal analysis for our Galaxy, a typi-
cal ‘normal’, HSB galaxy. For our Galaxy, darkmatter halo is shown to have negligible effect on
global modes. This trend for our Galaxy follows our expectation since dark matter halo is not
a dominant component in the inner/optical region of the Galaxy. For this work the observed
profiles of surface density and stellar velocity dispersion for both UGC 7321 and the Galaxy
are used, so as to make our calculationmore realistic.
In § 6.3 we present the model used, and the details of model input parameters; § 6.4
presents the details of the WKB approximation and § 6.5 describes the results while § 6.6 and
§ 6.7 contain the discussion and conclusions, respectively.
6.3 Formulation of the Problem
We treat the galactic stellar disk as a fluid, characterized by an exponential surface density
Σs, and the one-dimensional velocity dispersion vs for pressure support, which is treated as
the fluid sound speed. To keep our analysis simple the disk is taken to be infinitesimally thin.
The disk is embedded in a spherically symmetric dark matter halo with a pseudo-isothermal
radial profile. We have used the cylindrical coordinates (R , φ, z) below for both disk as well as
the spherical halo. The dynamics of the disk is calculated first under the gravity of disk only
(referred to as disk-alone case) and then under the combined gravity of the halo and the disk
(referred to as disk plus dark matter case). The halo is assumed to be gravitationally inert, i.e.,
it is assumed to be non-responsive to the gravitational force of the perturbations in the disk.
6.3.1 Model of disk and halo
For a galactic disk embedded in a dark matter halo concentric to the galactic disk, the net
angular speed,Ω, and the net epicyclic frequency, κ (used later in the dispersion relation), are
obtained by adding the disk and the halo contribution in quadrature as follows:
κ2 = κ2disk+κ
2
DM ; Ω
2
=Ω
2
disk+Ω
2
DM . (6.1)
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The frequencies can be computed from the standard expressions in terms of the gravitational
potentials of the disk and the halo. For an exponential disk, the potentialΦ(R ,0) in the equa-
torial plane is given by (Binney & Tremaine, 1987, equation (2.168))
Φ(R ,0)=−πGΣ0R[I0(y)K1(y)− I1(y)K0(y)] , (6.2)
where Σ0 is the disk central surface density, y is the dimensionless quantity, defined as y =
R/2Rd, where R is the galactocentric radius, Rd is the disk scalelength. In and Kn (n = 0,1)
are the modified Bessel functions of first and second kind, respectively. In terms of the disk
potential, κ2
disk
andΩ2
disk
are given as
κ2disk =
πGΣ0
Rd
[
4I0(y)K0(y)−2I1(y)K1(y)+
2y
(
I1(y)K0(y)− I0(y)K1(y)
)] (6.3)
and
Ω
2
disk =
πGΣ0
Rd
[
I0(y)K0(y)− I1(y)K1(y)
]
. (6.4)
For both the galaxies considered in this paper, UGC 7321 and the Galaxy, a pseudo-
isothermal profile has been shown to yield a goodfit for theDMhalo (Mera et al., 1998; Banerjee et al.,
2010). The gravitational potential of a pseudo-isothermal halo is given by
ΦDM = 4πGρ0R
2
c
[
1
2
log(R2c +R
2
+ z2)+
(
Rc
(R2+ z2)1/2
)
×
tan−1
(
(R2+ z2)1/2
Rc
)
−1
]
,
(6.5)
where Rc is the core radius and ρ0 is the core density. The corresponding κ
2
DM
and Ω2
DM
, in
the mid-plane (z = 0), are given as
κ2DM = 4πGρ0
[
2
1+ (R/Rc)2
+
(Rc
R
)2 1
1+ (R/Rc)2
−
(Rc
R
)3
tan−1
( R
Rc
)]
, (6.6)
and
Ω
2
DM = 4πGρ0
[
1
1+ (R/Rc)2
+
(Rc
R
)2 1
1+ (R/Rc)2
−
(Rc
R
)3
tan−1
( R
Rc
)]
. (6.7)
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6.3.2 Model parameters
To calculate the rotation and epicyclic frequencies needed for the WKB analysis below, we
have used the following set of parameters.
UGC 7321
For the stellar disk and halo parameters, the values we used are obtained either observation-
ally or by modeling (Banerjee et al. 2010). The stellar disk is an exponential disk with central
surface density of 50.2 M⊙ pc
−2 and a disk scalelength of 2.1 kpc. For the dark matter halo,
a pseudo-isothermal profile with core density of 0.057 M⊙ pc
−3 and core radius of 2.5 kpc
yields good fit for the observed rotation curve and the vertical gas scaleheight distribution
(Banerjee et al., 2010).
For the one-dimensional stellar velocity dispersion in the radial direction, the profile is
taken as vs =vs0exp(−R/2Rd). The observed central velocity dispersion along z direction is
equal to 14.3 km s−1 (Banerjee et al., 2010). For the solar neighborhood, it is observationally
found that, the ratio of velocity dispersion in the z direction to that of radial direction is ∼ 0.5
(e.g., Binney & Tremaine, 1987). Here we assume the same conversion factor for all radii in
this galaxy.
The Galaxy
The stellar disk parameters for theGalaxy are taken from the standardmassmodel byMera et al.
(1998) which gives an exponential radial profile for the disk surface density with a disk scale-
length of 3.2 kpc and a central surface density of 640.9 M⊙ pc
−2. For the dark matter halo, a
pseudo-isothermal profile is used with a core radius of 5.0 kpc and a core density of 0.035M⊙
pc−3 (Mera et al., 1998).
The one-dimensional stellar velocity dispersion is observed to be of the form: vs =
vs0 exp(−R/8.7), where vs0 = 95 km s
−1 (Lewis & Freeman, 1989).
6.4 WKB analysis
For small non-axisymmetric perturbations of the form
X (R ,φ, t )= Xaexp
[
i
(∫R
k(R ′)dR ′−mφ+ωt
)]
, (6.8)
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where X is a generic dynamical quantity, and assuming the tight-winding approximation,
which formally requires |kR|≫ 1, the Euler equations reduce to the standard dispersion rela-
tion (Binney & Tremaine, 1987)
(ω−mΩ)2 = κ2−2πGΣs|k|+v
2
s k
2 , (6.9)
where κ andΩ are as defined in the § 6.3.1, with the parameters given in the previous subsec-
tion. We are interested in spiral patterns corresponding tom = 2. A slight rearrangement of
equation (6.9) yields
4(Ωp−Ω)
2
= κ2−2πGΣs|k|+v
2
s k
2 , (6.10)
whereΩp =ω/2 is the pattern speed at which the spiral pattern rotates rigidly. For a given pat-
tern speed Ωp, this dispersion relation can be thought of as an implicit relation between the
phase space variables k andR (the resulting graph is also known as the propagationdiagram).
In general this relation is multi-valued, therefore, it is convenient to obtain its two branches
explicitly for computational purposes. Expressing the relation in terms of the wavevector k as
a function of R we get
|k±|(R)= [2πGΣs±∆
1/2]/2v2s , (6.11)
where
∆= [(2πGΣs)
2
−4v2s {κ
2
−4(Ωp−Ω)
2}] . (6.12)
Note that the dependence on the wavevector is through its absolute value |k|; and therefore,
these two branches in general correspond to four possible values of k at any given radius
R . However, if ∆1/2 > 2πGΣs, then only the ‘+’ branch is physical, and the total number of
solutions for k reduces to two. Waves cannot exist in regionswhere∆< 0, called the forbidden
region, where there are no real solutions for k. From equation (6.11) it can be seen that when
∆ = 0, k+ = k−, the two branches merge at that point, and we say that the wave reflects from
trailing to leading branch and vice versa. The Lindblad resonances occur whenΩp =Ω±κ/2.
The dispersion relation then gives k = 0 for the k− branch. The k+ branch, however, can
extend beyond the Lindblad radius for gas. This generic behavior is evident in the constant
Ωp plots in Figure 6.1 where the plot is for the LSB galaxy UGC 7321, with and without the
dark matter halo.
A constantΩp (or equivalently constantω) contour represents the trajectory of awavepacket
which travels at a radial velocity givenby the corresponding group velocity vg= dω/dk (Toomre,
1969).
136 6. Effect of dark matter halo on global spiral modes
Figure 6.1 exhibits three different types of contours. Their physical significance in terms
of propagation of a wavepacket is as follows.
• Type A: These are the ‘W’ shaped contours in the top panel of Figure 6.1. A wavepacket
may start at a large radius (to the left of the curve) on the short leading branch and then
travel inwards with a negative radial group velocity. It first reflects from the edge of the
forbidden region at the lowest point of the curve, moves radially outwards and reaches
the outer Lindblad radius (at k = 0) from where it is reflected back into the long trailing
branch, and gets reflected again from the edge of the forbidden region. The wavevector
of perturbations comprising the wavepacket then continues to increase steadily. In col-
lisionless disk, the fate of suchwavepacketswould be to eventually dissipate at Lindblad
resonance by a process similar to Landau damping (Binney & Tremaine, 1987).
• Type B: These are the oval shaped closed curves and they always occur in pairs. A
wavepacket wouldmove in and out indefinitely by being reflected at the edge of the two
forbidden regions, from short branch to relatively long branch and vice versa, this being
true for both the leading as well as the trailing branches. Also note that the wavevector
remains non-zero all along the closed curve.
• Type C: Unlike Type B contours, this type of closed contours are not degenerate. They
involve reflection of awavepacket from the leading to the trailing branch,and vice versa,
by the edge of the forbidden region as well as the inner and outer Lindblad radius.
6.4.1 Global standing waves: the quantization condition
In contrast to the behavior of wavepackets, the global modes of a disk are characterized by
a single frequency ω (or Ωp) and extend over a large region of the disk. These essentially
non-local perturbations are characterized by a wavefunction that extends across the disk, and
which is expected to behave in a manner consistent with the boundary conditions across the
disk. The density perturbation across the disk for these standing waves has a specific pattern
shape (given by the wavefunction) and pattern speed (Ωp =ω/2).
In principle, the pattern speed Ωp could be either positive or negative, implying a pro-
grade or retrograde motion for the pattern with respect to the galactic rotation. However, we
find that for the two galaxies considered by us,Ω−κ/2> 0; and collisionless disks do not sup-
port wave-like solutions for negative pattern speeds under this condition, althoughfluid disks
do allow them. We have verified that the resulting propagation diagrams for negativeΩp are
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not closed, therefore, in the rest of the paper we do not consider negative Ωp. All the global
modes described below are thus prograde.
In the previous section, we saw that the fate of Type A wavepackets is to eventually dis-
perse, and unless the boundary condition at large radius is reflecting them back, they will not
give rise to long-lived standingwaves. However, the contours of TypeB andC seem to have the
correct behavior to give rise to global standing waves due to their closed shape. Interestingly,
note that for contours of Type C, the wave goes right past the Lindblad resonances on either
side before getting reflected from the forbidden region. This behavior is peculiar to fluid disks.
For a collisionless disk the waves can exist only in regions where Ω−κ/2≤Ωp ≤Ω+κ/2. In
Figure 6.2 we plot the line Ω = Ωp with Ω−κ/2, Ω, and Ω+κ/2, where we can see that the
contours of Type B do obey this condition, but not the contours of Type C.
To elaborate, in the fluidmodel awave can partially transmit through the Inner Lindblad
Resonance (ILR), and consequently the wave cycle, operating between the co-rotation (CR)
and ILR to maintain a standing wave, will get hampered. In other words, to maintain a wave
cycle between CR and ILR, one has to make sure that the inequality
RILR <R− <R+ <RCR , (6.13)
where R± are the boundaries of the forbidden region, holds for each mode, otherwise for that
mode ILR would be exposed. Since the inner regions of galactic disks are dominated by stars,
only the closed contours for which the above mentioned inequality holds can be realized in
a real galaxy (see page 205 Bertin, 2000, for a detailed discussion). Therefore, in our analysis
the contours of Type C are considered as unphysical, and hence are discarded.
To construct the discrete global density waves from the closed contours of Type B, it
is useful to recall that in quantum mechanics the WKB approximation is used to calculate
the eigenvalues of a Hamiltonian in the following manner: for a one dimensional system the
phase plot (in the p–q plane, where q and p are generalized coordinates and generalized
momenta respectively) of constant energy for a bound state forms a closed loop. The total
area inside the loop
∮
pdq can then be shown to be some integral multiple of ħ (see, e.g.,
Landau & Lifshitz, 1965). In our case this Bohr–Sommerfeld quantization rule essentially re-
duces to constructing the constant ω curves in the k–R plane. Provided that closed loops
exist, they can be quantized by calculating the
∮
kdR and equating it to integral multiples of
π, apart from some extra factors ofπ/2 that arise due to the boundary condition at the turning
points. The quantization condition ensures that only discrete values of ω are allowed, which
are called the eigenfrequencies (e.g. Bertin & Romeo, 1988).
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Table 6.1: Results for global modes for UGC 7321
Ωp R− R+ RCR n
(km s −1 kpc−1) (kpc) (kpc) (kpc)
disk-alone case :
4.5 0.5 3.8 7 1
3.8 0.08 5.8 8 2
disk plus halo case :
4.0 2.8 5.1 33 1
3.7 2.1 6.4 36.5 2
For the closed contours of Type B to represent standing waves theymust satisfy a quan-
tization condition. The appropriateWKB quantization rule is given by Tremaine (2001)
2
∫R+
R−
[k+(R)−k−(R)]dR = 2π
(
n−
1
2
)
, (6.14)
where n = 1,2,3, · · · . Although the WKB approximation requires |kR| ≫ 1, its validity is often
sufficiently accurate even for |kR| ≃ 1.
6.5 Results
6.5.1 UGC 7321
The results for the contours of Type B for both disk-alone and disk plus halo cases, using the
input parameters of UGC 7321 for different pattern speeds, are displayed in Figure 6.3.
We then applied the quantization condition (equation (6.14)) to these contours to de-
termine the quantum number n. The resulting values of n for different pattern speeds that
correspond to permitted global modes for both cases, are summarized in Table 6.1.
Note that in the statistical majority of galaxies, grand-design spiral structure should be
quasi-stationary; and this can be possible if the dynamics of the disk is dominated by a single
mode or by a small number of modes. Our finding, summarized in Table 6.1, agrees quite well
with this point. Note that higher values of n correspond to loops enclosing larger area, and
for such loops k− ≃ 0. Therefore, the smaller values of n are more likely to satisfy the WKB
approximation than the larger values of n.
However, we caution the reader that the modes that we have obtained are for a fluid
disk (not collisionless), under the WKB approximation; and therefore the specific values may
change if either of these assumptions is relaxed. Table 6.1 shows that inclusion of dark matter
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Figure 6.1: Propagation diagrams (contours of constant Ωp) plotted for different pattern
speeds, by using the input parameters of LSB galaxy UGC 7321. The top panel shows con-
tours for the disk-alone case where the range ofΩp varies from 2.3 km s
−1 kpc−1 to 4.3 km s−1
kpc−1 and the bottom panel shows the contours for the disk plus darkmatter halo case where
the range ofΩp varies from 1.5 km s
−1 kpc−1 to 4.1 km s−1 kpc−1. The contours are plotted at
intervals of 0.2 for both the panels. Different types of contours present here are marked as A,
B and C.Ωp value increases from the outer to the inner contours.
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Figure 6.2: TheΩ,Ω−κ/2 &Ω+κ/2 (in units of km s−1 kpc−1) curves are shown as a function
of radius for UGC 7321. Top panel shows the disk-alone case, where the pattern speed (Ωp)
of 4.5 km s−1 kpc−1 gives a closed contour of Type B and the bottom panel showing disk plus
darkmatter halo case, where the pattern speed (Ωp) of 3.5 km s
−1 kpc−1 gives a closed contour
of Type C. Note that, for Type C contour, the shownΩp lies belowΩ−κ/2 for a certain range of
R , thus it does not satisfy the inequality mentioned in the text (see § 6.4.1)
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Figure 6.3: Propagation diagrams (contours of constant Ωp) for those pattern speeds which
give closed loops of Type B. The input parameters used are for the LSB galaxy, UGC 7321. The
top panel shows contours for disk-alone case where the range of Ωp varies from 3.8 km s
−1
kpc−1 to 4.8 km s−1 kpc−1, at intervals of 0.2 and the bottompanel shows the contours for disk
plus dark matter halo case where the range of Ωp varies from 3.6 km s
−1 kpc−1 to 4.1 km s−1
kpc−1, at intervals of 0.1. The closed loops that correspond to the global modes for different
models, are indicated by solid lines. Ωp value increases from the outer to the inner contours.
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halo has a negligible effect on the global spiral modes. The only change that we can observe
from the Table 6.1 is that the inclusion of halo appreciably increases the extent of the forbid-
den region (determined from the difference of RCR and R+) and it only changes the specific
values of pattern speed which correspond to different values of n. Consequently, the posi-
tion of CR for differentmodes also changes. Ghosh & Jog (2014) showed that inclusion of dark
matter halo supresses the local, transient, swing-amplified spiral features almost completely
and therefore it is somewhat puzzling why dark matter halo fails to make any impression on
global modes permitted in a galactic disk, modeled as a fluid.
We argue that there are several reasons why global modes, though technically permit-
ted, may not materialize in a LSB galaxy. First, a galaxy encounter is known to be a possible
mechanism to excite the global spiral modes in a galactic disk. For example, spiral structures
of M 51 andmany other grand-design spirals with a companion have beenmodeled success-
fully (Toomre & Toomre, 1972; Binney & Tremaine, 1987). Since LSBs are observed to be iso-
lated (Mo, McGaugh & Bothun, 1994) or are located at the edges of voids (Rosembaum et al.,
2009), they are less likely to undergo tidal encounters as compared to theHSB galaxies. There-
fore, even if theoretically the modes are permitted for the disk case, as well as the disk plus
darkmatter halo case for UGC 7321, in reality the triggeringmechanism for exciting the global
spiral modes may not operate. Secondly, the resulting pattern speed for the permitted global
modes is small (Table 6.1). To excite these by interactions, a distant encounter is necessary
which in turn will lead to a smaller amplitude. Thirdly, even if the above permitted modes
were to be triggered, the growth rate of the modes will depend on the surface density of the
disk which is very low for the LSB galaxies, hence the amplitude of such modes is likely to
be very small. Finally, we would like to mention that from the linear calculation done in this
paper, we cannot fully comment on the effect of dark matter halo. A full N-body treatment
which includes the above non-linear effects would be necessary in getting a comprehensive
picture of effect of dark matter halo on global spiral modes.
Note that in contrast, the lack of nearby neighbors does not prevent local modes be-
ing triggered in the disks of LSB galaxies (studied by Ghosh & Jog, 2014), since local, transient
swing-amplified features can be generated by internal triggers such as a gas cloud or star for-
mation (Sellwood & Carlberg, 1984; Toomre, 1990). In this paper, we have treated the stellar
disk as a fluid formathematical simplicity. At large values of |k|, the behavior of the dispersion
relation for a collisionless system is very different from that for a fluid system (Rafikov, 2001;
Ghosh & Jog, 2015). In a future work, we will follow up this problem treating the galactic disk
as a collisionless system.
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Table 6.2: Results for global modes for the Galaxy
Ωp R− R+ RCR n
(km s −1 kpc−1) (kpc) (kpc) (kpc)
disk-alone case :
17.2 0.3 3.6 8 1
disk plus halo case:
15.2 0.2 3.0 13 1
6.5.2 The Galaxy
For comparison, we carried out a similar modal analysis for the Galaxy, for which the dark
matter halo is known to be not a dominant component in the inner regions of the disk. The
closed contours present in the propagation diagram for different pattern speeds for theGalaxy
in both disk-alone and disk plus dark matter halo cases are shown in Figure 6.4.
For a quantitative verification, following the same procedure as taken for UGC 7321, we
calculated the possible modes that could be present in both models. These are summarized
in Table 6.2, which shows that there is only a small quantitative change in the overall spiral
mode properties when we include the dark matter halo in the system. But, note that, unlike
the case of UGC 7321, on inclusion of darkmatter halo, the extent of forbidden region has not
increased appreciably. This is in the line of our expectation because within the solar radius,
the dark matter halo contributes 50 per cent or less to the rotation curve (Kuijken & Gilmore,
1991; Sackett, 1997).
6.6 Discussion
6.6.1 Effect of Bulge
At this point note that, for the Galaxy, the radial extent of the closed loops of Type B is in the
very inner region (see Figure 6.4) where the bulge component dominates, and the spiral struc-
tures are not believed to be present at those radii. So far in the models of both galaxies, we
have not included bulge. Normally, in the early type spirals, bulge dominates in the inner re-
gions, and the late-type (e.g. Scd type) galaxies have no significant bulge (Binney &Merrifield,
1998). Consequently, the exclusion of the bulge will lead to a significant underestimation of
the rotation curve in the inner parts of the early-type galaxies.
In this section, we have included the bulge component to the existing mass models,
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Figure 6.4: Propagation diagrams (contours of constant Ωp) for those pattern speeds which
give closed loops of Type B. The input parameters used are for The Galaxy. The top panel
shows contours for disk-alone case where the range of Ωp varies from 17 km s
−1 kpc−1 to 18
km s−1 kpc−1, at intervals of 0.2 and the bottom panel shows the contours for disk plus dark
matter halo case where the range of Ωp varies from 14 km s
−1 kpc−1 to 15.4 km s−1 kpc−1, at
intervals of 0.1. The closed loops that correspond to the global modes for different models,
are indicated by solid lines. Ωp value increases from the outer to the inner contours.
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namely, disk-alone and disk plus dark matter cases for our Galaxy. On the other hand, UGC
7321 has no discernible bulge (Matthews et al., 1999; Matthews &Wood, 2003). It is a typical
bulgeless galaxy (Kaustsch, 2009). So, we redid the globalmodal analysis, this time taking into
account of the bulge component, for the Galaxy only. We adopt a Plummer–Kuzmin bulge
model to derive the bulge contribution for the Galaxy.
In the spherical coordinates, the density profile of the bulge is given by the following
formula (Binney & Tremaine 1987):
ρbulge =
3Mb
4πR3
b
(
1+
R2
R2
b
)−5/2
, (6.15)
where Rb is the bulge scalelength andMb is the total bulgemass.
The corresponding potential in the cylindrical coordinates (R , φ, z) is given as
Φbulge(R ,z)=−
GMb
Rb
(
1+
R2+ z2
R2
b
)−1/2
. (6.16)
Corresponding rotational frequencyΩbulgeand the epicyclic frequencyκbulge in themid-plane
(z = 0), are
Ω
2
bulge =
GMb
R3
b
(
1+
R2
R2
b
)−3/2
(6.17)
and,
κ2bulge =
GMb
R3
b
[
4
(
1+
R2
R2
b
)−3/2
−3
(
R
Rb
)2(
1+
R2
R2
b
)−5/2]
. (6.18)
Therefore, while taking the bulge component into account, these terms κ2
bulge
and Ω2
bulge
will
be added in R. H. S. of equation (6.1). For the parameters of the bulge component, we have
used a Rb of 2.5 kpc and aMb of 2.8 × 10
10 M⊙ (Blum, 1995).
We did a global mode analysis, similar to that in § 6.5.2, for the disk plus bulge case, and
then for the disk plus bulge plus dark matter halo case. As explained earlier, we considered
only closed loops of Type B for both cases. Then the relevant quantization condition is applied
to obtain the principle quantumnumber n. The results are summarized in Table 6.3.
In both models where bulge is included, two modes are present while models without
bulge gave only onemode (see Table 6.2 and 6.3). Also, the resulting corotation (RCR) changes
quite a bit when the bulge component is added. More importantly, the extent of global spiral
arms (indicated by R− and R+) show an extended range and closer to the range where arms
are observed (Binney &Merrifield, 1998). Note that the resulting pattern speed for n = 1 is
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Table 6.3: Results for global modes for the Galaxy (including bulge)
Ωp R− R+ RCR n
(km s −1 kpc−1) (kpc) (kpc) (kpc)
disk plus bulge case :
18.3 1.8 4.5 9.7 1
15.1 1.1 6.3 11.3 2
disk plus bulge plus halo case:
17.1 1.6 4.2 13.3 1
14.0 0.9 5.8 16 2
close to the observed value for the Galaxy (Siebert et al., 2012).
6.6.2 Other issues
In this subsection, we would like to mention a few other issues regarding this work. First, in
this work, we have not considered the low dispersion component in the disk, namely gas. In
reality, a spiral galaxy contains a finite amount of gas. The role of gas has been studied in sev-
eral dynamical issues, e.g. in the stability of local axisymmetric perturbations (Jog& Solomon,
1984a,b; Bertin & Romeo, 1988; Rafikov, 2001), local non-axisymmetric perturbations (Jog,
1992), and in the radial group transport (Ghosh & Jog, 2015) etc. Here, in this paper, our main
aim was to address the role of only dark matter halo on the grand-design spiral structure,
hence we excluded gas from this formalism. This ensures that whatever change we see in
these models, they are purely due to the dark matter halo. Besides, the superthin LSB galaxy
UGC 7321 considered here has small gas content as compared to that of normal HSB galaxies
(Uson &Matthews, 2003). A full investigationof role of DMhalo in a systemwith gas and stars
coupled via gravitation will be followed in a future work.
Another point to note is that, this calculation essentially is based on linear perturbation
theory, i.e. all the non-linear effects are neglected. Interestingly a recent study byD’Onghia, Vogelsberger, & Hernquist
(2013) using high resolution N-body simulations shows that the nonlinear effect can signifi-
cantly modify the origin and persistence scenario of flocculent spiral features. So, it is worth
checking the nonlinear effect in this context with gas treated on an equal footing with stars.
6.7 Conclusions
We have studied the existence of global modes in spiral galaxies in the WKB limit using the
Bohr–Sommerfeld quantization condition. This approach has been used for the first time to
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study the effect of darkmatter halo on the grand-design spiral structure in a galactic disk. Us-
ing the input parameters of a typical superthin, LSB galaxy UGC 7321, we found that in both
disk-alone and disk plus halo cases, global modes are permitted. While the small-scale spiral
structure is suppressed by the dark matter halo (Ghosh & Jog, 2014), the halo does not have
a significant effect on the global spiral modes. We argue that the tidal interactions causing
global spiral modes are less likely to occur in LSBs, as compared to the HSB counterparts.
Thus even though the model for UGC 7321 including dark matter halo permits the existence
of global spiral modes, in reality they are not likely tomaterialize, since these galaxies are iso-
lated and hence may not experience tidal forces due to galaxy encounters. Also, we carried
out a similar analysis for our Galaxy. We found that, for our Galaxy, inclusion of the dark mat-
ter halo does not affect the existence of global spiral modes. Note, however, that these results
are obtained while treating the galactic disk as a fluid. These results may get modified when
the galactic disk is treated as a collisionless system. This problem of investigating the role of
dark matter halo on large-scale spiral arms in a collisionless galactic disk will be followed up
in a future paper.
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7. Effect of dark matter halo on global spi-
ral modes in a collisionless galactic disk
1
7.1 Abstract
Low surface brightness (LSB) galaxies are dominated by dark matter halo from the innermost
radii; hence they are ideal candidates to investigate the influence of dark matter on differ-
ent dynamical aspects of spiral galaxies. Here, we study the effect of dark matter halo on
grand-design,m = 2, spiral modes in a galactic disk, treated as a collisionless system, by car-
rying out a global modal analysis within theWKB approximation. First, we study a superthin,
LSB galaxy UGC 7321 and show that it does not support discrete global spiral modes when
modeled as a disk-alone system or as a disk plus dark matter system. Even a moderate in-
crease in the stellar central surface density does not yield any global spiral modes. This natu-
rally explains the observed lack of strong large-scale spiral structure in LSBs. An earlier work
(Ghosh, Saini, & Jog, 2016) where the galactic disk was treated as a fluid system for simplicity
had shown that the dominant halo could not arrest global modes. We found that this differ-
ence arises due to the different dispersion relation used in the two cases and which plays a
crucial role in the search for global spiral modes. Thus the correct treatment of stars as a col-
lisionless system as done here results in the suppression of global spiral modes, in agreement
with the observations. We performed a similar modal analysis for the Galaxy, and found that
1Ghosh, Saini & Jog, 2017, New Astronomy, 54, 72
154 7. Effect of dark matter halo on global modes in collisionless disk
the dark matter halo has a negligible effect on large-scale spiral structure.
7.2 Introduction
LowSurface Brightness (LSB) galaxies are characterized by low star formation rate (Impey& Bothun,
1997) and low disk surface density (de Blok &McGaugh, 1996; de Blok et al., 2001). The spi-
ral structure in LSBs is often incipient or fragmentary and usually faint and difficult to trace
(Schombert et al., 1990; McGaugh et al., 1995; Schombert et al., 2011), and they generally do
not host any strong large-scale spiral structure, the kind we see in case of normal high surface
brightness (HSB) galaxies like our Milky way. We note that, we are interested only in small
LSBs, which are more abundant, and do not include the giant LSBs like Malin 1. Some of the
giant LSBs show fairly strong, large-scale spiral structure as in UGC 6614 (Das, 2013) and in
the inner regions they are dynamically similar to their High Surface Brightness (HSB) coun-
terparts (Lelli, Fraternali, & Sancisi, 2010). Fuchs (2002) has applied the technique of density-
wave theory to put constraint on the decomposition of the rotation curve in LSBs. However
we note that in the sample considered by Fuchs (2002) contains giant LSB (e.g., UGC 6614)
which often show large-scale spiral structure (e.g., see Das, 2013).
The LSBs are dark matter dominated from the very inner regions (Bothun et al., 1997;
de Blok &McGough, 1997; de Blok et al., 2001). Within the optical disk, the dark matter con-
stitutes about 90 per cent of the total mass of LSBs, whereas for the HSBs the contributions
of the dark matter halo mass and stellar mass are comparable (de Blok et al., 2001; Jog, 2012).
Thus, the LSBs constitute a natural laboratory to study the effect of dark matter halo on dif-
ferent aspects of galactic dynamics.
Several past studies have shown the effect of dominant darkmatter halo in the suppres-
sion of global non-axisymmetric bar modes (Mihos et al., 1997), in making the galactic disks
superthin (Banerjee & Jog, 2013) and in prohibiting the swing amplificationmechanism from
operating, thus explaining the lack of small-scale spiral structure as noted observationally
(Ghosh & Jog, 2014).
According to the density wave theory, the grand-design spiral arms are the high density
regions of a rigidly rotating spiral density wave, with a well defined pattern speed, that are
self-consistently generated by the combined gravity of the unperturbed disk and the density
wave (Lin & Shu, 1964, 1966). For a recent review on this see Dobbs & Baba (2014).
In a recent work Ghosh, Saini, & Jog (2016) (hereafter Paper 1) investigated the role of a
dominant dark matter halo on the global spiral modes within the framework of the density
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wave theory by treating the galactic disk as a fluid. Using the input parameters of a superthin
LSB galaxyUGC 7321 and theGalaxy, they found that for UGC7321, the darkmatter halo has a
negligible effect on arresting the global spiral modes when the disk is modeled as a fluid. This
is in contrast to the results for small-scale spiral features where the dark matter was shown to
suppress the small-scale, swing-amplified spiral structures almost completely (Ghosh & Jog,
2014). Ghosh, Saini, & Jog (2016) (Paper 1) argued that that since LSBs are relatively isolated,
tidal interactions are less likely to occur compared to those for the HSB galaxies. Thus even
though the global spiral modes are formally permitted in the fluid disk plus dark matter halo
model, it was argued that it is the lack of tidal interaction that makes it difficult for the global
spiral structure to develop in these galaxies.
In this paper we address the effect of dark matter halo on globalm = 2 modes by mod-
eling the galactic disk more realistically as a collisionless system. A tidal encounter is likely to
give rise to globalmodes,as has been seen in simulations,as inM51 (see e.g., Toomre& Toomre,
1972).
We use the dispersion relation for a collisionless disk to construct global standing-wave
like solutions by invoking the Bohr-Sommerfeld quantization condition (for details see Pa-
per 1). Note that fluid disks allow wavelike solutions at small wavelengths, since fluid pres-
sure provides the restoring force; but collisionless disks suppress wavelike modes for very
small wavelengths (e.g. see Binney & Tremaine, 1987).
The § 7.3 contains formulation of the problem and the input parameters. In § 7.4 we
present theWKBanalysis and the relevant quantization rule. § 7.5 and § 7.6 contain the results
and discussion, respectively while § 7.7 contains the conclusions.
7.3 Formulation of the problem
We model the galactic disk as a collisionless system characterized by an exponential surface
density Σs , and one-dimensional velocity dispersion σs. For simplicity, the galactic disk is
taken to be infinitesimally thin. In other words, we are interested in perturbations that are
confined to the mid-plane (z = 0). The dark matter halo is assumed to be non-responsive to
the gravitational perturbations of the disk. We have used cylindrical coordinates (R ,φ,z) in
our analysis.
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7.3.1 Details of models
In this subsection, we describe the models that we have used for the study of effect of dark
matter halo on the global spiral modes.
The dynamics of the disk is calculated first only under the gravity of the disk (referred to
as disk-alone case) and then under the joint gravity of disk and the dark matter halo (referred
to as disk plus halo case). We took an exponential stellar disk with central surface density
Σ0 and the disk scalelength Rd, which is embedded in a concentric dark matter halo whose
density follows a pseudo-isothermal profile characterized by core density ρ0 and core radius
Rc.
The net angular frequency, Ω and the net epicyclic frequency, κ for a galactic disk em-
bedded in a dark matter halo, concentric to the galactic disk, are given as:
κ2 = κ2disk+κ
2
DM ; Ω
2
=Ω
2
disk+Ω
2
DM . (7.1)
The expressions for κ2
disk
,Ω2
disk
in themid-plane (z = 0) for an exponential disk and κ2DM,
Ω
2
DM
for a pseudo-isothermal halo in the mid-plane (z = 0) have been calculated earlier (see
Paper 1 for details).
In the early-type galaxies, the bulge component dominates in the inner regions, and
hence exclusion of the bulge component from the models for early-type galaxies will under-
estimate the rotation curve in the inner regions. In Paper 1, it was shown that for the Galaxy,
inclusion of bulge yieldedmore realistic results (for details see § 5.1 in Paper 1). Also note that
UGC 7321 has no discernible bulge (Matthews et al., 1999; Matthews &Wood, 2003). There-
fore, only for our Galaxy we have included bulge in both the disk-alone and disk plus dark
matter halo models. We adopt a Plummer–Kuzmin bulgemodel for our Galaxy which is char-
acterized by total bulgemassMb and bulge scalelength Rb.
The expressions for κ2
bulge
, Ω2
bulge
in the mid-plane (z = 0) for such a bulge having a
Plummer-Kuzmin profile are given in Paper 1. Therefore, for the Galaxy, these κ2
bulge
and
Ω
2
bulge
terms will be added in quadrature to the corresponding terms due to disk and dark
matter halo.
7.3.2 Input parameters
The input parameters for different components of UGC 7321 (Banerjee et al., 2010) and the
Galaxy (Mera et al., 1998; Blum, 1995) are summarized in Table 7.1.
For UGC 7321, the stellar velocity dispersion in the radial direction is taken to be: σs
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Table 7.1: Input parameters for UGC 7321 and the Galaxy
Galaxy Σ0 Rd ρ0 Rc Mb Rb
(M⊙ pc
−2) (kpc) (M⊙ pc
−3) (kpc) (× 1010 M⊙) (kpc)
UGC 7321 50.2 2.1 0.057 2.5 - -
The Galaxy 640.9 3.2 0.035 5 2.8 2.5
=(σs0)R exp(−R/2Rd), where (σs0)R is the central velocity dispersion in the radial direction.
The observed central velocity dispersion in the zdirection ((σs0)z) is 14.3 km sec
−1 (Banerjee et al.,
2010). In the solar neighborhood, it is observationally found that (σs)z/(σs)R ∼ 0.5 (e.g.,
Binney & Tremaine, 1987). Here we assume the same conversion factor for all radii.
For the Galaxy, the observed stellar velocity dispersion in the radial direction is : σs
=(σs0)R exp(−R/8.7), where (σs0)R = 95 km sec
−1 (Lewis & Freeman, 1989).
7.4 WKB analysis
The dispersion relation for an infinitesimally thin galactic disk,modeled as a collisionless sys-
tem, in theWKB limit, is given by (Binney & Tremaine, 1987):
(ω−mΩ)2 = κ2−2πGΣs|k|F (s,χ), (7.2)
where s(= (ω−mΩ)/κ) and χ(= k2σ2s/κ
2) are the dimensionless frequencies. F (s,χ) is the
reduction factor which physically takes into account the reduction in self-gravity due to the
velocity dispersion of stars. The form forF (s,χ) for a razor-thin diskwhose stellar equilibrium
state can be described by the Schwarzchild distribution function is given by (Binney& Tremaine,
1987):
F (s,χ)=
2
χ
exp(−χ)(1− s2)
∞∑
n=1
In(χ)
1− s2/n2
. (7.3)
Since we are interested inm = 2 grand spiral modes, a rearrangement of equation (7.2) yields
4(Ωp−Ω)
2
= κ2−2πGΣs|k|F (s,χ) , (7.4)
whereΩp (=ω/m) is the pattern speed with which the spiral arm rotates rigidly in the galactic
disk.
For a givenΩp, equation (7.4) is an implicit relation between the phase space variables
k and R . A contour of constant Ωp denotes the path of a wavepacket that propagates with a
group velocity vg = dω/dk (Toomre, 1969).
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Figure 7.1: Propagation diagrams (contours of constantΩp) for different pattern speeds. The
input parameters used are for the Galaxy, where the Galaxy is modeled as a collisionless disk
plus dark matter halo. Different types of contours present here are marked as A and B. The
range of Ωp varies from 25.8 km s
−1 kpc−1 to 28.7 km s−1 kpc−1, with a spacing of 0.5 km s−1
kpc−1. Ωp value increases from the outer to the inner contours patterns.
The simpler analytic dispersion relation for the fluid disk allows one to express k ex-
plicitly as a function of R (for details see § 3 of Paper 1), but for a collisionless system, the
dispersion relation (equation 7.2) is transcendental in nature, therefore it is impossible to an-
alytically express the wavevector k as an explicit function of R . However, it is straightforward
to obtain this relation numerically.
Figure 7.1 shows the typical contours that are present in different models considered
in this work. We refer the reader to Paper 1 for a physical interpretation of these contours
in terms of propagation of wavepackets. In Paper 1, another type of contour (called Type
C) was also present, but such contours occurred due to the fluid treatment of the disk, and
consequently we did not consider them in our analysis (for details see § 3.1 of Paper 1). As
expected, these contours are absent when the disk is treated as collisionless, thus justifying
our omitting them in our previous analysis. Since global spiral modes are basically standing
waves in a differentially rotating galactic disk (e.g. see Bertin, 2000), therefore, in order to
obtain a standing wave, the wave has to be reflected/refracted back into the wave cycle by
the reflecting/refracting barrier. Although contours of Type A allow wavelike solutions, the
wavevector k can become quite large. Suchwaves will be dissipated at k corresponding to the
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epicyclic length scale, and thus do not constitute valid standing waves. Hence, only a closed
contour has the correct behaviour to represent a standingwave in a galactic disk. Hence, from
now on, we will consider contours only of Type B and discard the contours of Type A.
The global spiral modes can be constructed from the WKB dispersion relation by using
the Bohr-Sommerfeld quantization condition (for details see § 3.1 in Paper 1).
The appropriate WKB quantization rule for the closed contours of Type B is given by
(Tremaine, 2001)
2
∫R+
R−
[k+(R)−k−(R)]dR = 2π
(
n−
1
2
)
, (7.5)
where n = 1,2,3, · · · ; and k+, k− (where k− ≤ k+ ) are the two solutions of equation (7.4), and
the equality sign holds only at the turning points (R±).
7.5 Results
In principle, the pattern speed Ωp could be either positive or negative, implying prograde or
retrogrademotion of the spiral pattern,respectively. For a negative pattern speedwe canwrite
Ωp =−|Ωp|, and rewrite equation (7.4) in the form
4(|Ωp|+Ω−κ/2)(|Ωp|+Ω+κ/2)=−2πGΣs|k|F (s,χ) . (7.6)
For both the galaxies considered here, the quantitiesΩ−κ/2 and Ω+κ/2 are positive, hence
the left hand side of equation (7.6) is always positive while the right hand side equation is
always negative. Consequently, there is no possible solution of equation (7.6) for negative
pattern speeds. This implies that no global spiral modes can have negative pattern speeds, or
in other words, all discrete global spiral modes present in different models of this paper are
prograde. Therefore, all the figures displayed in this paper are for prograde spiral patterns.
Before proceeding to investigate the globalmodes for galaxies UGC7321 and theGalaxy,
we note that Ghosh & Jog (2014); Jog (2014) have calculated the Toomre Q-value (Toomre,
1964) for these two galaxies and have shown it to be always > 1 for the input parameters
used in this paper. Therefore the galactic disks of the two galaxies considered by us are stable
against local axisymmetric perturbations.
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Figure 7.2: Propagation diagrams (contours of constant Ωp) for the disk-alone case, corre-
sponding to those pattern speeds which give closed loops of Type B. The input parameters
used are for UGC 7321. The range of Ωp varies from 7.1 km s
−1 kpc−1 to 7.7 km s−1 kpc−1,
with a spacing of 0.1 km s−1 kpc−1. Ωp value increases from the outer to the inner contours
patterns.
7.5.1 UGC 7321
Starting from the dispersion relation (equation 7.4), we obtained contours of Type B, first for
the disk-alone case, and then for the disk plus dark matter halo case.
Disk-alone case
For the disk-alone case we found closed contours of Type B, but on applying the quantization
condition (equation 7.5), we found no discrete global modes, i.e., the area enclosed by the
closed loops is not sufficient to satisfy equation (7.5) for any integral value ofn (see Figure 7.2).
Note that the closed contours in Figure 7.2 do not satisfy the condition under which
WKB approximation is valid, i.e., |kR| ≫ 1. In fact, some parts of the contours have |kR| < 1.
The standard use of the WKB approximation is in quantum mechanics where it is used to
compute the energy spectrum of bound systems. It is well known that at the classical turn-
ing points the WKB condition fails since k = 0 at the turning points. However, despite this
deficiency, the approximation furnishes useful qualitative results. Note, moreover, that in
Figure 7.2 the WKB approximation does not fail so extremely. However, the failure of WKB
also implies the failure of the tight-winding approximation that makes it possible to relate
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the gravitational potential to the local perturbed density. Typically, the local approximation
suffices to obtain useful qualitative information even in this case, even though the numerical
results are less robust. For example, in a recent paper Jalali & Tremaine (2012) have calculated
the slow-modes of collisionless near-Keplerian disks. They have computed eigenvalues using
exact numericalmethods aswell as through theWKB approximation. Although their contours
in some parts also do not satisfy |kR| > 1, they find that their results are in good qualitative
agreement with the frequencies calculated using the exact method. However, note that this
concern is not valid for our main result for UGC 7321 below.
Disk plus halo case
Wefind that for the disk plus darkmatter halo case, the closed loops ofType B arenot present at
all, and hence no discrete global modes exist in this case. This is in contrast to Paper 1 where,
based on the fluid model of the disk, we found two eigenmodes for the disk plus halo case.
Since stable modes do not excite by themselves, we had argued that they would be absent in
UGC 7321 due to its isolation and its consequent lack of tidal interactionswith other galaxies.
It is useful to note that it is possible to excite stable modes by tidal encounters as shown by
Jalali & Tremaine (2012). The difference in results can be ascribed to the difference in the
treatment of the disk as a collisionless system here as opposed to a fluid description in Paper
1. Thus, the correct treatment of stars as a collisionless system has directly led to the result
that global modes are not permitted.
Other LSB galaxies
To investigate the role of dark halo on the existence of global modes in LSBs in general, we
constructedmodels where we set the central surface density to two and three times the value
used in the original model for UGC 2371 (see Table 7.1), and modified the radial velocity dis-
persion profile in such a way that the resulting Toomre Q-parameter remains the same as
that in the original model. The net rotation curve changes less than 20 per cent of that in the
original model. Though somewhat contrived, the parameters for these additional cases were
devised to check the effect of disk surface density on the existence of global modes. We did
not find any global spiral modes in these modified models as well. Since a dominant dark
matter halo is a characteristic feature of LSBs (Bothun et al., 1997; de Blok &McGough, 1997),
our results indicate that low disk surface density and dark matter halo that is dominant from
the innermost regions in LSBs together explain the suppression of local, swing-amplified spi-
ral features (Ghosh & Jog, 2014) in these galaxies, as well as suppression of globalm = 2 spiral
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Table 7.2: Results for global modes for the Galaxy
Case Ωp R− R+ RCR n
(km s −1 kpc−1) (kpc) (kpc) (kpc)
Disk-alone case (including bulge) 27.3 1.1 3.3 8.3 1
Disk plus halo case (including bulge) 26.7 0.9 3.0 8.6 1
modes as shown here.
In our analysis, we have used the input parameters of the LSB galaxy UGC 7321, which
is an edge-on galaxy (angle of inclination 88◦, Matthews (2000)). However, we note that the
generic features of typical LSBs that play the dominant role in the dynamics of disks in LSBs,
i.e., low surface density and dark matter dominance from the innermost radius, are both ob-
served in UGC 7321. Due to the edge on nature of this galaxy it is difficult to conclude if large
scale spiral features are absent in this galaxy, although the absence of dust lanes is suggestive
of this fact. In any case, for completeness of analysis we have also considered synthetic mod-
els where the diskmass was artificially enhanced by a factor of few. Therefore, themain result
of this paper that the dominant dark matter halo suppresses the large-scale spiral features in
LSBs is likely to hold for all LSB galaxies.
7.5.2 The Galaxy
As a check, we carried out the same modal analysis to examine the effect of the dark matter
halo on the global spiralmodes for theGalaxy. The possible closed contours of Type B for both
disk-alone and disk plus dark matter halo are shown in Figure 7.3.
Next, we applied the quantization condition to seek the discrete globalmode(s), and the
results are summarized in Table 7.2. Also the positions of different resonance points for the
twomodes in Table 7.2 are presented Figure 7.4.
FromTable 7.2, it is evident that the darkmatter halo has a negligible effect on the global
spiralmodes for theGalaxy, the difference can be seen only in the change of the specific values
of pattern speed Ωp. This result is at par with our expectation, since the dark matter halo is
known to benot important in the inner regions of theGalaxy (e.g., Sackett, 1997; de Blok et al.,
2001). These results are consistent with the results of Paper 1 where the Galactic disk was
modeled as a fluid disk.
The key difference with results from Paper 1 is that the specific values of pattern speed
Ωpwhich give the globalmodes are different (for comparison,see Table 3 in Paper 1). Siebert et al.
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Figure 7.3: Propagation diagrams (contours of constant Ωp) for those pattern speeds which
give closed loops of Type B. The input parameters used are for theGalaxy. The top panel shows
contours for disk-alone case (including the bulge) where the range ofΩp varies from 26.1 km
s−1 kpc−1 to 28.8 km s−1 kpc−1, at intervals of 0.4 and the bottom panel shows the contours
for disk plus dark matter halo case (including the bulge) where the range of Ωp varies from
25.9 km s−1 kpc−1 to 28.1 km s−1 kpc−1, at intervals of 0.4. The closed loops that correspond
to the global modes for different models, are indicated by solid lines. Ωp value increases from
the outer to the inner contours.
164 7. Effect of dark matter halo on global modes in collisionless disk
2 4 6 8 10 12 14 160
20
40
60
80
100
R [kpc]
Fr
eq
ue
nc
y 
[km
 s−
1  
kp
c−
1 ]
 
 
Ω
Ω−κ/2
Ω+κ/2
Ωp= 27.3 km s
−1kpc−1OLR
CR
Disk + bulge
(The Galaxy)
2 4 6 8 10 12 14 160
20
40
60
80
100
R [kpc]
Fr
eq
ue
nc
y 
[km
 s−
1  
kp
c−
1 ]
 
 
Ω
Ω−κ/2
Ω+κ/2
Disk+bulge+DM halo
    (The Galaxy)
Ωp = 26.7 km s
−1
 kpc−1
OLR
CR
Figure 7.4: Positions of different resonance points for the twomodes in Table 7.2are presented
here. Comparison with Figure 7.3 shows that the modes do not extend up to the resonance
points, consistent with the fact that k is not equal to zero anywhere for modes in Figure 7.3.
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(2012) found a range of 18−24 km s−1 kpc−1 for the pattern speed of spiral arms for theGalaxy.
On comparison the pattern speed values obtained in this paper lie outside the observed range
of pattern speed.
The shape of the closed contours in this work (Figures 7.1, 7.2, 7.3) is different from that
in Paper 1. A curve of constant Ωp had nearly identical k values at the turning points of a
closed curve of Type B in Paper 1, whereas the contours look slanted in the present paper,
meaning that the k values at the turning points are substantially different. This is due to the
difference in the dispersion relation for the two cases. A more detailed interpretation is not
possible in a simple analytical form, since the dispersion relation for the collisionless case
(equation (7.2)) has a transcendental form.
In this paper for simplicitywehave not included the low velocity dispersion component,
namely, gas in the system which could further modify the obtained range of pattern speeds.
Note that any late-type spiral galaxy contains non-negligible amount of gas, and it has been
shown that the gas plays a significant role in various dynamical issues (e.g., Jog & Solomon,
1984a,b; Jog, 1992; Rafikov, 2001; Ghosh & Jog, 2015, 2016). The amount of gas present in
UGC 7321 is quite small in comparison to that in HSB galaxies (Uson &Matthews, 2003).
Therefore, the results for UGC 7321 obtained in this paper, in particular the suppression of
global modes by the dominant dark matter halo is unlikely to change significantly if gas is
included in the calculation. The effect of gas on the global spiral modes in a gravitationally
coupled two-component (stars and gas) system, as applicable to the gas-rich HSB galaxies,
will be taken up in a future paper.
7.6 Discussion
The results presented here are based on the assumption that the grand-design spiral struc-
ture seen in disk galaxies is due to the density waves, as proposed by Lin & Shu (1964, 1966).
However this hypothesis has not yet been fully confirmed observationally. For example, the
angular off-set in age of the stellar population, as predicted by the classical density wave the-
ory has not been found in studies by Foyle et al. (2011); Ferreras et al. (2012) in their sample
of late-type disk galaxies. Also the study of CO observation of NGC 1068 using generalized
Tremaine–Weinbergmethod byMerrifiled, Rand &Meidt (2006) has revealed that the pattern
speed of the spiral structure of this galaxy varies rapidly with radius, indicative of short-lived
spiral features. A study of the gas content and the Hα line of sight velocity distribution in
NGC 6754 by Sanchez-Menguiano et al. (2016) revealed a different sense of streamingmotion
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in the trailing and leading edge of this galaxy, indicating that the spiral arms of this galaxy is
likely to be a transient.
On the other hand, it is also worth noting that Pour-Imani et al. (2016) have recently
presented a study of measuring pitch angle from the images taken in different wavelengths
for a large sample of disk galaxies and found that the pitch angle varies from one wavelength
to another as predicted by the classical density wave theory, and thus furnishes strong obser-
vational evidence for the validity of the density-wave theory of spiral structure in disk galaxies.
Generally the various N-body studies so far do not show the evidence of long-lived
spiral structure. Several N-body simulations have shown that the spiral arms are transient
and get wound up quickly (Sellwood, 2011; Fuji et al., 2011; Grand, Kawata, & Cropper, 2012;
D’Onghia, Vogelsberger, & Hernquist, 2013), which goes against the classical densitywave pic-
ture. Interestingly an opposite trend is shown in a recent work by Saha & Elmegreen (2016)
who reported long-lived spiral structure in a N-body study of models for galaxies with inter-
mediate bulges.
7.7 Conclusion
We have investigated the effect of a dominant dark matter halo on the possible existence of
global spiral arms while modeling the galactic disk as a collisionless system. The WKB dis-
persion relation and the Bohr-sommerfeld quantization condition were used to obtain dis-
crete global spiral modes present in any model. We have analysed a superthin LSB galaxy
UGC 7321, and the Galaxy, for this work. We found that for UGC 7321 both the disk-alone and
the disk plus dark matter halo cases did not yield any discrete global spiral modes. Even an
increase in the stellar central surface density by a factor of few failed to produce any global spi-
ral modes. Thus our findings provide a natural explanation for the observed dearth of strong
large-scale spiral structure in the LSBs. Our results differ from those obtained in Paper 1where
the galactic disk was treated as a fluid, where it was found that the dominant darkmatter halo
had a negligible constraining effect on the existence of global spiral modes in these galaxies.
This difference is due to the different dispersion relation for fluid and collisionless systems,
which played a pivotal role in determining the discrete global mode(s) present in a model.
Thus the correct collisionless treatment for stars as done here has led us to a result for the
non-existence of global spiralmodeswhich is in agreement with the observations. As a check,
for the Galaxy we carried out a similarmodal analysis and found that the darkmatter halo has
a negligible effect on the global spiral modes, as expected since the Galaxy is not dark matter
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dominated in the inner regions, in contrast to UGC 7321.
Thus, the dark matter halo that dominates from the innermost regions is shown to sup-
press the growth of local, swing-amplified non-axisymmetric features (Ghosh & Jog, 2014) as
well as the global spiral modes as shown here.
168 7. Effect of dark matter halo on global modes in collisionless disk
BIBLIOGRAPHY 169
Bibliography
Banerjee A., Jog C.J. 2013, MNRAS, 431, 582B
Banerjee A., Matthews L.D., Jog C.J., 2010, New Astronomy, 15, 89
Bertin G., 2000, Dynamics of Galaxies, Cambridge University Press, Cambridge
Binney J., Tremaine S., 1987, Galactic Dynamics. Princeton Univ. Press, Princeton, NJ
Blum, R. D., 1995, ApJ, 444, L89
Bothun G., Impey C., McGaugh S., 1997, PASP, 109, 7453
Das M. 2013, J. Astrophys. Astron., 34, 19
de BlokW.J.G., McGaugh S.S., Rubin V.C., 2001, AJ, 122, 2396
de BlokW.J.G., McGaugh S.S., 1997, MNRAS, 290, 533
de BlokW.J.G., McGaugh S.S., 1996, ApJ, 469, L89
Dobbs C., Baba J., 2014, PASA, 31, 35
D’Onghia E., Vogelsberger, M., Hernquist L., 2013, ApJ, 766, 34
Ferreras I., Cropper M., Kawata D., PageM., Hoversten E. A., 2012, MNRAS, 424, 1636
Foyle K., Rix H. W., Dobbs C. L., Leroy A. K., Walter F., 2011, ApJ, 735, 101
Fuchs B., 2002, in Klapdor-Kleingrothaus H.V., Viollier R.D., eds, Dark Matter in Astro- and
Particle Physics. Springer-Verlag, Berlin, p. 28 (astro-ph/0204387)
Fuji M. S., Baba J., Saitoh T. R., Makino J., Kokubo E., Wada K., 2011, ApJ, 730, 109
Ghosh S., Jog C. J., 2016, MNRAS, 459, 4057
170 BIBLIOGRAPHY
Ghosh S., Saini T. D., & Jog C. J., 2016, MNRAS, 456, 943 (Paper 1)
Ghosh S., Jog C. J., 2015, MNRAS, 451, 1350
Ghosh S., Jog C. J., 2014, MNRAS, 439, 929
Grand R. J. J., Kawata D., Cropper M., 2012, MNRAS, 426, 167
Impey C., Bothun G. D., 1997, ARA&A, 35, 267
Jalali M.A., Tremaine S., 2012, MNRAS, 421, 2368
Jog C.J., 2014, AJ, 147, 132
Jog C.J. 2012, Recent Advances in Star FormationASI Conference Series, Eds. A. Subramaniam
& S. Anathpindika, Vol. 4, pp 145
Jog C.J., 1992, ApJ, 390, 378
Jog C.J., Solomon P.M., 1984 a, ApJ, 276, 114
Jog C.J., Solomon P.M., 1984 b, ApJ, 276, 127
Lelli F., Fraternali F., & Sancisi R., 2010, A&A, 516, A11
Lewis J. R., Freeman K. C., 1989, AJ, 97, 139
Lin C. C., Shu F. H., 1966, Proc. Natl. Acad. Sci. USA, 55, 229
Lin C. C., Shu F. H., 1964, ApJ, 140, 646
McGaugh S. S., Schombert J. M., Bothun G. D., 1995, AJ, 109, 2019
Matthews L. D., Wood K., 2003, AJ, 593, 721
Matthews L. D., 2000, AJ, 120, 1764
Matthews, L. D., Gallagher, J. S., III, van Driel, W., 1999, AJ, 118, 2751
Mera D., Chabrier G., Schaeffer R., 1998, A&A, 330, 953
MerrifieldM. R., Rand R. J., Meidt S. E., 2006, MNRAS, 366, L17
Mihos J.C., McGaugh S.S., de Blok W.J.G.,1997, ApJ, 477, L79
BIBLIOGRAPHY 171
Pour-Imani H., Kennefick D., Kennefick J., Davis B. L., Shields D.W., AbdeenM. S., 2016, ApJL,
827, L2
Rafikov R. R., 2001, MNRAS, 323, 445
Sackett P. D., 1997, ApJ, 483, 103
Saha K., Elmegreen B., 2016, ApJL, 826, 21
Sanchez-Menguiano L., et al., 2016, ApJL, 830, 40
Schombert J. M., Maciel T., McGaugh S. S., 2011, Adv. Astron., 2011, 143698
Schombert J. M., Bothun G. D., Impey C. D., Mundy L. G., 1990, AJ, 100, 1523
Sellwood J. A., 2011, MNRAS, 410, 1637
Siebert A. et al., 2012, MNRAS, 425, 2335
Tremaine S.D. 2001, AJ, 121, 1776
Toomre A., Toomre J., 1972, ApJ, 178, 623
Toomre A., 1969, ApJ, 158, 899
Toomre A., 1964, ApJ, 139, 1217
Uson J. M., Matthews L. D., 2003, AJ, 125, 2455

173
8. Conclusions & FutureWork
8.1 Concluding Remarks
This thesis deals with a study of the dynamical effect of dark matter halo and interstellar gas
on the spiral structure of different scales as seen in the disks of the late-type spiral galaxies.
In the first part of the thesis, we studied the dynamical effect of the dark matter halo
on the small-scale spiral structure in some galaxies where the dark matter halo is known to
dominate the dynamics over most the disk regions. We chose UGC 7321, a typical superthin
Low surface brightness (LSB) galaxy and a set of five late-type dwarf irregular galaxies with
extended HI disks to study the role of the dark matter on small-scale spiral arms. Since all of
these above-mentioned galaxies are darkmatter dominated right from the very inner regions,
therefore they naturally provide an ideal ‘laboratory’ to test the effect of dark matter halo on
various dynamical aspects.
We carried out the local, non-axisymmetric perturbation analysis (swing amplification)
in the disks of such galaxies. Using the observed input parameters for UGC 7321, a typical
superthin LSB galaxy, we showed that when only stellar disk is taken into account, the sys-
tem exhibits finite growth of non-axisymmetric perturbations, thus indicating that the sys-
tem can show small-scale spiral features. But, when the dark matter halo is added to the
system, it damps the growth of the perturbations, almost completely. Even when the low ve-
locity dispersion component, namely, the interstellar gas is added in the system, this finding
remains unchanged (Chapter 2). Similarly we studied the dwarf irregulars with extended HI
disk where interstellar gas dominates themain baryonic contribution, and not the stars. Here
also, we found that when only the gas disk is taken into account, it allows finite amplification,
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indicative of having small-scale spiral arms, but the inclusion of dark matter prevents small-
scale spiral features almost completely (Chapter 3). Thuswe showed that the darkmatter halo
plays a pivotal role in the suppression of small-scale spiral features in parts of disks where it
dominates, in fair agreement with the observations.
In the second part of the thesis, we studied how the interstellar gas could alter the
longevity of the ‘grand-design’ (large-scale) spiral structure by treating the large-scale spiral
arms as density waves in a galactic disk. In the past, it was shown for a pure stellar (collision-
less) disk that such awavepacket of densitywavewould travelwith a group velocity that is suf-
ficient to destroy the wavepacket and hence the large-scale spiral structure, on a time-scale of
the order of 109 years. Since in the past literatures, it was also shown that the interstellar gas
plays important role in several dynamical contexts, therefore we investigated how the inter-
stellar gas would affect the longevity of large-scale spiral structure in a gravitationally-coupled
two-component (stars plus gas) system.
We showed that the group velocity of a wavepacket in Milky Way-like disk galaxies de-
creases steadily (by a factor of few) with the inclusion of gas, implying that the spiral pattern
will survive for a longer time-scale (Chapter 4). Also using the observed rotation curve and
measured pattern speed of spiral arm for three late-type, gas-rich galaxies, namely, NGC 6946,
NGC 2997 and M 51, we showed that the interstellar gas is necessary in order to have a sta-
ble density wave corresponding to the observed pattern speed values. The same trend is also
shown to be true for our Galaxy (Chapter 5).
In the last part of the thesis, we studied the dynamical effect of a dominant dark mat-
ter halo on the global spiral modes (used as a ‘proxy’ for large-scale spiral arms) in the disks
of LSB galaxies. The result we found earlier that in the disks of LSB galaxies, the small-scale
spiral arms are prevented almost completely by the dominant darkmatter halo naturally pro-
vided themotivation to study the dynamical effect of darkmatter halo on the large-scale spiral
structure also. Observationally it is also known that typical LSB galaxies (like UGC 7321) do
not display prominent,well-defined large-scale spiral arms like those seen in case of normal,
high surface brightness (HSB) galaxies such as ourMilkyWay. This very observational fact also
provided the impetus to study the effect of darkmatter halo on the large-scale spiral structure
in the disks of LSB galaxies.
We investigated the influence of dominant dark matter halo on global spiral modes in
the disks of LSB galaxies by treating the galactic disk first as a fluid (Chapter 6) and then as a
collisionless system (Chapter 7). The global modes in galaxies identified via a novel quanti-
zation rule. We used different input parameters of UGC 7321 which are obtained either ob-
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servationally or by modeling.
When the stars are treated as fluid systemwe found that the darkmatter fails to prevent
the global spiralmodes. However, even if the globalmodes are present in our theoreticalmod-
els, we argued that the lack of tidal interaction will not give rise to these modes in a realistic
case (Chapter 6).
However, when the disk is modeled as more realistic collisionless system, we found that
the large-scale spiral structure (global spiral modes) in LSBs is damped by the dominant DM
halo, in fair agreement with the observations (Chapter 7).
8.2 Future works
We have so far summarized the brief motivations and important results of the thesis. There
are somemore aspects related to the origin andpersistence of spiral structure seen in different
types of disk galaxies that can be studied further. Below I mention some of these issues.
• Effect of darkmatterhalo on spiral structure inGiant LSBs : For typical LSBs, the dom-
inant darkmatter halo prevents both the small-scale and the large-scale spiral structure
almost completely. There is also a class of galaxies called Giant LSB (GLSB) galaxies (e.g.
Malin 1) and some of which show dynamical properties similar to normal, HSB galax-
ies in the inner parts while in the outer parts they exhibit properties similar to LSBs.
Past observations revealed that some these GLSBs display non-axisymmetric features
such as bars, and spiral structure in their disks (like the cases for Malin 1, UGC 6614).
Therefore, it is worth investigating what give rise to the non-axisymmetric features in
the disks of GLSBs and also study quantitatively the possible role of darkmatter halo on
spiral structure of different scales.
• Dynamical effect of interstellar gas on pitch angle of the spiral arms : Themass frac-
tion contained in the interstellar gas increases along the Hubble sequence with more
late-type galaxies (Sc-Scd type) having largermass fraction contained in the interstellar
gas – it is well-known trend. Also it is observationally found that the pitch angle of spiral
arm increases (at least the mean value for a sub-class) and the arms are more open as
onemoves along the Hubble sequence from Sa-type to Scd-type.
In the past, several studies have shown the importance of gas in different contexts of
galactic dynamics. However, existence of any possible correlation between these two
above-mentioned trends has not been explored. Therefore, it is worth investigating
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whether increasing gas-fraction in disk galaxies could influence the observed trend of
pitch angle of spiral arms with Hubble type in the disk galaxies.
• Longevity of spiral arms – interplay of bulge and interstellar gas : The longevity of the
spiral arms in disk galaxies is long-debated issue. Several numerical simulations have
shown that the spiral armswhich appear in N-bodymodels of disk galaxies only persist
for few dynamical time-scales. However, a recent study by Saha & Elmegreen (2016) re-
ported long-lived spiral arms in N-body study of models for disk galaxies where it was
shown that the bulge plays a crucial role to maintain a long-lasting spiral pattern in the
disk of galaxies. On the other hand, in this thesis we showed that the inclusion of in-
terstellar gas helps the spiral patterns to persist for longer time-scale (few billion years).
Therefore, it would be interesting to investigate bymeans of both semi-analyticmodels
and N-body simulations the dynamical effect of both the bulge and the interstellar gas
in context of the longevity of spiral arms in the disk galaxies.
